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FOREWORD 

ii 

This  volume presents  t h e  r e s u l t s  of an a n a l y t i c a l  s tudy 
performed from May 18, 1967 through May 17 ,  1968 on t h e  use of 
dynamic s c a l e  models t o  determine launch v e h i c l e  c h a r a c t e r i s t i c s .  
The inves t iga t ion  was conducted by t h e  Denver Divis ion of t h e  
Martin Xarietta Corporation, Denver, Colorado, f o r  t h e  National 
Aeronautics and Space Administration, George C. Marshall  Space 
f l i g h t  Center, Huntsvi l le ,  Alabama, under Contract No, NAS8-21101. 
M r ,  L. Kief l ing w a s  t he  p r inc ipa l  r ep resen ta t ive  f o r  t h e  contract- 
ing o f f i c e ,  

Plr. George IVIorosow was t h e  Program Manager f o r  t h e  Denver 
Division and a l l  work w a s  performed under t h e  d i r e c t i o n  of 
Hr, riorosow and Nr. Ivan J .  J a s z l i c s ,  P r inc ipa l  Inves t iga tor .  
S ign i f i can t  cont r ibu t ions  were provided by C ,  C ,  Feng, R, C,  
Reuter, Jr. and J. N. Singh. The repor t  was c r i t i c a l l y  reviewed 
by Professor  L. G.  Tul in  of t he  Universi ty  of Colorado, 

Resul ts  of an experimental  study t o  confirm some of t h e  
a n a l y t i c a l  r e s u l t s  presented he re in  are provided i n  Volume II, 
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ABSTRACT 

iii 

The purpose of t h i s  s tudywas t o  develop modeling techniques 
t h a t  can be used f o r  launch v e h i c l e  and space s t r u c t u r e  dynamic 
s imula t ion  when t h e  parameters which de f ine  s i m i l a r i t y  between 
prototype and model cannot, due t o  phys ica l  o r  manufacturing 
l i m i t a t i o n s ,  b e  f u l l y  s a t i s f i e d .  In  p rac t i ce ,  a l l  but  t he  l a r g e s t  
models have t o  make compromises i n  s t r u c t u r a l  s imula t ion  and even 
very l a r g e  models, using; d i r e c t  r e p l i c a  sca l ing ,  cannot dup l i ca t e  
a l l  e s s e n t i a l  parameters. 

During t h e  s tudy it  became obvious t h a t  t h e r e  is need f o r  a 
comprehensive summary of t h e  s c a l i n g  techniques appl icable  t o  t h e  
design of launch vehicle and space s t r u c t u r e  models. This r epor t ,  
provides t h a t  summary; descr ibes  genera l  model s ca l ing  methods; 
developes b a s i c  s i m i l a r i t y  l a w s  f o r  var ious  s t r u c t u r e s  including 
l i q u i d  p rope l l an t s  and s h e l l  s t r u c t u r e s .  A survey of material and 
manufacturing l i m i t a t i o n s  and a summary of t h e  economic a spec t s  
of model cons t ruc t ion  and t e s t i n g  is included. 

MARrIHT MA RIEITA CORPORA T I0  N 
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SUMMARY 

Resul t s  of an  a n a l y t i c a l  s tudy  on t h e  use of dynamic scale models 
The repor t  t o  determine launch veh ic l e  c h a r a c t e r i s t i c s  are presented,  

is w r i t t e n  i n  a way t h a t  p e r m i t s  i t s  use  as a genera l  guide f o r  
launch veh ic l e  model s c a l i n g  and design.  

The  dimensional ana lys i s  methods requi red  t o  e s t a b l i s h  dynamic 
model s c a l i n g  parameters are developed i n  mat r ix  form and used t o  
summarize t h e  s c a l i n g  l a w s  app l i cab le  t o  launch veh ic l e  s t r u c t u r e s .  
Scal ing laws are presented f o r  beam-like and s h e l l - l i k e  s t r u c t u r e s .  
Visco-elastic e f f e c t s  and coupled s t ruc tu ra l - l i qu id  s l o s h  e f f e c t s  
a r e  considered. The  s ca l ing  l a w s  app l i cab le  t o  the  s imula t ion  of 
l i qu id  propel lan t  dynamic phenomena are presented.  Some s p e c i a l  
d i s t o r t e d  modeling techniques f o r  s h e l l s  are developed and the  
necess i ty  of an experimental program t o  confirm these  techniques is 
emphasized. 

A l imi ted  d iscuss ion  of t he  sca l ing  requirements f o r  space 
s t r u c t u r e s  is presented and the  r e l a t i o n s  €or  thermal s c a l i n g  and 
sca l ing  of gravi ty-gradient  induced fo rces  are summarized. A test  
conf igura t ion  t o  s imulate  the  gravi ty-gradient  i s  discussed.  A 
de ta i l ed  t h e o r e t i c a l  and experimental  program t o  i n v e s t i g a t e  these  
and o ther  modeling techniques appl icable  t o  l a r g e  space s t r u c t u r e s  
is  recommended. 

A summary of the economic aspec ts  of dynamic model design and 
cons t ruc t ion  and a review of p a s t  and present  launch v e h i c l e  dynamic 
models are included. 

MARTIN MARIETTA C ~ ~ ~ O ~ A ~ I O N  
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1. INTRODUCTION 

The f i r s t  decade of space explora t ion  w a s  charac te r ized  by t h e  
cont inua l  i nc rease  i n  launch v e h i c l e  and payload dimensions and, wi th  
t h i s  increase ,  s t r u c t u r a l  f requencies  w e r e  reduced. Fundamental 
bending frequencies  of f i r s t  generat ion veh ic l e s  were on t h e  order  
of 10 Hz; Ti tan  and Saturn class veh ic l e s  have fundamental bending 
frequencies ,  during t h e  boost  phase, of 1 t o  2 Hz, The degree of 
dynamic i n t e r a c t i o n  between s t r u c t u r a l  v ib ra t ions ,  p rope l lan t  s lo sh  
and veh ic l e  con t ro l  systems increased considerably.  

All present  genera t ion  launch veh ic l e  s t r u c t u r e s  are designed, 
a t  least i n  p a r t ,  by t h e  dynamic loading condi t ions t h a t  arise during 
t h e  pre-launch o r  during t h e  boost  phase. These condi t ions include 
loads due t o  ground winds, l i f t - o f f  loads,  dynamic loads generated 
by wind shear  o r  atmospheric turbulence,  t ransonic  b u f f e t  loads,  
s tag ing  loads,  upper s t a g e  engine i g n i t i o n  loads  and engine shutdown 
t r a n s i e n t  loads.  

The complete eva lua t ion  of these  loads is  only poss ib l e  through 
combined a n a l y t i c a l  and test  e f f o r t s .  While ana lys i s  can p red ic t  t he  
fundamental frequency of most conventional launch v e h i c l e  s t r u c t u r e s  
wi th  approximately 3% t o  8% accuracy, t h e  r i s k  involved i n  using only 
a n a l y t i c a l  methods, e spec ia l ly  i f  t h e  s t r u c t u r e  is  complex, is  s o  g rea t  
t h a t  experimental  v e r i f i c a t i o n  is required.  The ana ly t i ca f  methods 
a v a i l a b l e  f o r  p red ic t ion  of t ransonic  b u f f e t  loads and ground wind- 
induced loads are of quest ionable  accuracy a t  t he  present  time: 
t h e  use of tes t  r e s u l t s  i n  conjunction with a n a l y t i c a l  s t u d i e s  is of 
t he  g r e a t e s t  importance i n  p red ic t ing  these  a e r o e l a s t i c  loads.  

Analy t ica l ly  determined v i b r a t i o n  modes of launch veh ic l e  
s t r u c t u r e s  have been v e r i f i e d  with fu l l - s ca l e  v i b r a t i o n  surveys 
performed i n  a manner s i m i l a r  t o  t h a t  developed f o r  a i r c r a f t .  
t he  inc rease  i n  o v e r a l l  dimensions, t h i s  approach has  become more and 
more expensive. Current major United S t a t e s  launch veh ic l e s  range 
fron: approximately 120 f e e t  t o  320 f e e t  and t h e  suspension of t hese  
veh ic l e s  t o  s imula te  t h e  f ree- f ree  end condi t ions of f l i g h t  is, 
in i t s e l f ,  a major task .  The s imula t ion  of conf igura t ion  changes 
and var ious  p rope l l an t  condi t ions present  add i t iona l  s eve re  restric- 
t ions .  
equiva len t  dynamic scale model test, can o f f e r  mult i -mil l ion d o l l a r  
savings i n  materials, manufacturing t i m e  and t o t a l  test program 
t i m e .  

With 

The replacement of t h e  fu l l - s ca l e  v i b r a t i o n  survey wi th  an  

One of t he  f i r s t  major launch veh ic l e  programs i n  the  United 
States where t h e  f u l l - s c a l e  v i b r a t i o n  survey w a s  replaced by a 
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model test w a s  t h e  T i t a n  I11 program funded by t h e  U. S. A i r  Force. 
Several  Saturn class dynamic models have since been examined, and i t  is  
probable t h a t  most, i f  no t  a l l ,  of t h e  l a r g e  launch veh ic l e s  of t h e  
f u t u r e  w i l l  be  v i b r a t i o n  t e s t e d  by t h e  use  of dynamic scale models. 
Recent research  performed a t  t h e  Langley Research Center of t h e  
Nat ional  Aeronautics and Space Adminis t ra t ion ind ica t e s  t he  d e f i n i t e  
f e a s i b i l i t y  and accuracy of t h i s  approach. 

Model t e s t i n g  is  u t i l i z e d  exc lus ive ly  f o r  a e r o e l a s t i c  tests 
b u t  model s i z e  i s  r e s t r i c t e d  by a v a i l a b l e  wind tunnels .  

The purpose of t h i s  s tudy is t o  develop modeling techniques 
t h a t  can b e  used f o r  launch veh ic l e  and space s t r u c t u r e  dynamic 
s imulat ion when t h e  parameters which d e f i n e  s i m i l a r i t y  between 
prototype and model cannot, due t o  phys ica l  o r  manufacturing 
l i m i t a t i o n s ,  b e  f u l l y  s a t i s f i e d .  I n  p rac t i ce ,  a l l  b u t  t h e  l a r g e s t  
models have t o  make compromises i n  s t r u c t u r a l  s imula t ion  and even 
very l a r g e  models, using d i r e c t  r e p l i c a  sca l ing ,  cannot d u p l i c a t e  
a l l  e s s e n t i a l  parameters. 

During t h e  s tudy i t  became obvious t h a t  t h e r e  is need for a 
comprehensive summary of t h e  s c a l i n g  techniques app l i cab le  t o  t h e  
design of launch v e h i c l e  and space s t r u c t u r e  models. 
provides t h a t  summary; descr ibes  genera l  model s c a l i n g  methods ; 
developes b a s i c  s i m i l a r i t y  l a w s  f o r  var ious  s t r u c t u r e s  inc luding  
l i q u i d  p rope l l an t s  and s h e l l  s t r u c t u r e s .  
manufacturing l i m i t a t i o n s  and a summary of t h e  economic a spec t s  
of model cons t ruc t ion  and t e s t i n g  is included. 

This r epor t ,  

A survey of material and 
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2, REVIEW OF THE STATE OF THE ART 

From t h e  number of problems which have been solved using 
scale modeling techniques,  t h e  p o t e n t i a l  and a p p l i c a t i o n  of t h i s  
u s e f u l  method are obvious. S t a t i c  and dynamic models are being 
used t o  study s t r u c t u r a l  response of space veh ic l e s  ranging from 
t r a n s p o r t a t i o n  occurring during ground handl ing t o  docking maneuvers 
i n  o r b i t  t o  l una r  and p lane tary  landing. 

A colloquim on t h e  use  of models and s c a l i n g  i n  shock and 
v i b r a t i o n  sponsored by t h e  ASME i n  1963 t r e a t e d  r ecen t  develop- 
ments. These included wave s imula t ion ,  aerospace v e h i c l e s ,  
materials and e l a s t i c  and p l a s t i c  response t o  t r a n s i e n t  loading. 
A symposium on a e r o e l a s t i c  and dynamic modeling technology w a s  
sponsored i n  1963 by t h e  A i r  Force F l i g h t  Dynamics Laboratory of 
t h e  Research and Technology Division, A i r  Force Systems Command i n  
a s soc ia t ion  wi th  t h e  Dynamics and Aeroe la s t i c i ty  panel of t h e  
Aerospace I n d u s t r i e s  Association. This meeting included papers 
on such top ic s  as t r anson ic  bu f fe t ing ,  ground winds, d i s s i m i l a r  
materials, thermal s c a l i n g ,  support  systems and e x c i t a t i o n  tech- 
niques, f u e l  s l o s h ,  f a t igue ,  p h o t o e l a s t i c  techniques,  p lus  
app l i ca t ions  t o  space veh ic l e s  and a i r c r a f t .  

A l l  of t h e  work on dynamic response of space v e h i c l e s  is 
aimed a t  answering t h e  same ques t ion$  
stresses which w e  must des ign  t h e  v e h i c l e  t o  withstand? The 
cu r ren t  s c a l e  modeling technology f o r  s tudying  t h e  var ious  types 
of dynamic r e sponse - i s  o r i en ted  toward those  aspec ts  f o r  which 
a n a l y t i c a l  models are inadequate. The degree of r e l i a n c e  on t h e  
r e s u l t s  of scale-ode1 tests o f t e n  depends on t h e  wi l l i ngness  of 
t h e  r e spons ib l e  engineer t o  r e l y  on t h e  r e s u l t s  of ana lys i s .  
This "willingness" is a func t ion  of schedule, a v a i l a b l e  funds, 
p a s t  experience on t h e  problem a t  hand, program p e n a l t i e s  incur red  
i f  he be l i eves  ana lys i s  and program p e n a l t i e s  incur red  i f  a n a l y s i s  
is wrong , 

What are t h e  dynamic 

The philosophy of t h e  scale-ode1 test t o  b e  run a l s o  depends 
on t h i s  "willingness". By n a t u r a l  cause and e f f e c t ,  a l a r g e  
amount of money can be  spent  t o  s o l v e  a very  se r ious  problem 
(e.g., t h e  wind-induced o s c i l l a t i o n s  of t h e  Sa turn  V v e h i c l e  o r  
t h e  POGO o s c i l l a t i o n s  of t h e  T i t a n  1 1 - G e m i n i ) ,  I n  t h i s  context 
solve" means "make s u r e  t h a t  t h e  mission does not  f a i l " .  The 

a s soc ia t ed  requirement on t h e  scale-model test is t h a t ,  i t  must 
11 
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f i l l  the gap between t h e  l a c k  of confidence i n  ana lys i s  and the 
"so lu t ion  of t h e  problem". Obviously, the range of requirements 
is extremely broad. All scale model tests have one th ing  i n  
common, however, everyone of them i a  run t o  provide t h e  "missing 
information" required t o  "solve the  problem." 
a b l e  knowledge of the problem area and t h e  confidence i n  the 
r e s u l t s  of ana lys i s  are usua l ly  c lose ly  co r re l a t ed ,  t he  degree 
of s i m i l i t u d e  which is required i n  t h e  scale-model test increases  
as t h e  a n a l y t i c a l  model d e t e r i o r a t e s .  

Since t h e  ava i l -  

Three genera l  types of models have been used f o r  pred ic t ing  
dynamic response of space vehic les ,  One type is  t h e  obvious 
geometrically sca led  model made of t h e  same material as the  
prototype. 
d i f f e r e n t  material; and t h e  t h i r d  i s  a d i s t o r t e d  model whereby 
one o r  more of t h e  s i m i l i t u d e  requirements is not preserved. The 
f i r s t  type of model has been used successfu l ly  f o r  tests t o  
determine s t a t i c  and dynamic stresses, displacements, and strains. 
However, t h e  extremely l i g h t  weight s t r u c t u r e  of aerospace vehic les  
sometimes makes geometric s ca l ing  impossible. For example, t h e  
tank w a l l  th ickness  on one launch veh ic l e  is only 0.005 inch 
f u l l  scale. 
a w a l l  th ickness  of 0,0005 inch. 

The second is again geometrically sca led  but  of a 

On a 10% scale model geometric s c a l i n g  would r equ i r e  

Sca le  models t o  p red ic t  dynamic response, t he re fo re ,  o f t e n  
r equ i r e  departure  from geometric s ca l ing  and t h e  use  of t he  
d i f f e r e n t  materials f o r  model and prototype. 

The s t r u c t u r a l  response problem ( s t a t i c ,  dynamic, r i g i d  body, 
v i b r a t i o n a l ,  buckling, l i n e a r ,  nonl inear ,  elastic,  p l a s t i c )  can 
be  formulated i n  terms of t h e  geometry of t h e  s t r u c t u r e  (dimensions), 
material p rope r t i e s  of t h e  s t r u c t u r e  ( l i n e a r  modulus, nonl inear  
modulus, damping, s t r a i n  rate e f f e c t s ,  dens i ty ,  Poisson's r a t i o ) ,  
and forc ing  func t ion  appl ied t o  the  s t r u c t u r e  (point  loads,  and/ 
o r  pressure  as funct ions of t ime).  Four b a s i c  phys ica l  dimen- 
s ions  desc r ibe  a l l  of t h e  above, Dimensional ana lys i s  formulates 
t he  problem of gaining f u l l  scale information from models i n  terms 
of t h e  s i m i l i t u d e  requirements which when s a t i s f i e d  w i l l  r e s u l t  
i n  r e l i a b l e  scaling l a w s .  

It should b e  noted t h a t  t h e  v a l i d i t y  of a scale model test 
is measured by whether i t  provides t h e  information required t o  
s o l v e  t h e  problem. The improvements i n  t h e  state-of-the-art  f o r  
scale-model tests can thus be  accomplished i n  e i t h e r  of two ways: 

(1) Development of more soph i s t i ca t ed  methods of bu i ld ing  
scale models and improving t h e  s imula t ion  of t h e  
environments; o r  
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(2) Improvement of the methods of a n a l y s i s  and understanding 
of t h e  physics of t h e  problem, p a r t i c u l a r l y  i n  those  
areas which cause t h e  most t r o u b l e  i n  t h e  des ign  of 
scale-model  tests. 

Dynamic models of launch veh ic l e s  have had widespread a p p l i c a t i o n  
t o  two major areas: v i b r a t i o n  surveys of t h e  n a t u r a l  nodes of 
o s c i l l a t i o n  and a e r o e l a u t i c  loads  and s t a b i l i t y  testir ig.  

The most common method of dynamic model des ign  and construc- 
t i o n  is d i r e c t  geometric s c a l i n g  using s i m i l a r  materials f o r  
model and pro to type  ( r e p l i c a  s c a l i n g ) .  
are sca l ed  d i r e c t l y  through t h e  model-to-prototype c h a r a c t e r i s t i c  
length  s c a l e  f a c t o r ,  n = fim/Rp , and pro to type  materials are used 

i n  model cons t ruc t ion .  

A l l  p ro to type  dimensions 

I n  t h e  design of launch v e h i c l e  dynamic models i t  is  o f t e n  
necessary,  due pr imar i ly  t o  material o r  manufacturing l i m i t a t i o n s  
(Chapter 9 > ,  to  employ l imi t ed  d i s t o r t e d  geometric s c a l i n g  and/or 
d i s s i m i l a r  materials. Limited d i s t o r t e d  geometric s c a l i n g  dev ia t e s  
from r e p l i c a  s c a l i n g  i n  t h a t  t h e  c h a r a c t e r i s t i c  l eng th  scale f a c t o r  is 
not  maintained throughout t h e  e n t i r e  s t r u c t u r e .  Small scale models 
may r e q u i r e  ex tens ive  use of t hese  techniques t o  provide t h e  requi red  
s t i f f n e s s  d i s t r i b u t i o n s  and t o  ensure t h a t  t h e  several model com- 
ponents a r e  s t rong  enough t o  withstand handl ing and assembly loads .  
I n  add i t ion ,  d i s t o r t e d  geometric s c a l i n g  i s  almost a necess i ty  f o r  
t h e  design of a e r o e l a s t i c  models where t h e  scale f a c t o r  is d i c t a t e d  
by t h e  wind tunnel  imposed l i m i t a t i o n s  on model s i z e .  The require- 
ment of matching aerodynamic and s t r u c t u r a l  s c a l i n g  parameters a t  
t h e s e  s m a l l  s c a l e  f a c t o r s  may d i c t a t e  t h e  use  of d i s s i m i l a r  
materials. 

Tota l  geometric d i s t o r t i o n  is d i c t a t e d  when very l a r g e  s t r u c t u r e s  
are t o  b e  simulated.  
t h e  pro to type  but  t h e  o v e r a l l  dynamic c h a r a c t e r i s t i c s  are re t a ined .  

I n  t h e s e  cases t h e  model may not  even resemble 

2 .1  Vibra t ion  Survey Nodels 

Some of t h e  most s i g n i f i c a n t  v i b r a t i o n  survey models have been 
a s soc ia t ed  wi th  research  programs performed a t  t h e  Langley Research 
Center (LRC) of t h e  Nat ional  Aeronautics and Space Administration, 
Two models of t h e  Apollo/Saturn V v e h i c l e  were constructed; one a t  
1/40-scale (Fig. 2.1) and t h e  o the r  a t  l/lO-scale (Fig, 2.2). The 
1/40-scale model d id  not  use  d i r e c t  geometric s ca l ing  and, i n  some 
areas, d i s s i m i l a r  materials were used. The main load car ry ing  
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Figure 2 . 1  Saturn V 1/40-Scale  Model 
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s t r u c t u r e  of t h e  l/lO-scale model boos te r  s t a g e s  w a s  represented by 
d i r e c t  geometric s c a l i n g  using similar materials b u t  d i r e c t  s c a l i n g  
w a s  not  employed f o r  t h e  payload and launch escape system. 
agreement (Ref 2.1) between experimental  and a n a l y t i c a l  lateral  
bending frequencies  (Fig. 2.3a) and v i b r a t i o n  modes (Fig,  2.3b) w a s  
obtained.  A summary d iscuss ion  of t h i s  model program is presented 
i n  Reference 2.1. 

Good 

----Simplified PreteBt Analysis 
0 Illo-Scale Model 

1/40-Scale Model 

-Posttest Analysis 

.-.t----"-" - 1 1st Mode 
I I 

50 0 
0 1  
100 

t Percent First-Stage Propellant 

Liftoff Burnout 

a) Lateral Bending Frequencies 

First Stage, 50% Full 

'r First Mode ??[ Second Mode 7 
h 

0 1140-Scale .25 
0 1110-Scale 

h - 
h~~~ 

J t  - I $  I I  I , + I  
0 .5 1 0  .5 1 

Normalized Length 

b) Lateral Vibration Modes 

Figure  2 .3  L a t e r a l  Vibrat ion C h a r a c t e r i s t i c s ,  Saturn V Dynamic Models 

I n  a d d i t i o n  t o  t hese  models a 1/5-scale  model of t h e  Saturn I 
launch v e h i c l e  (Fig. 2.4) w a s  constructed using d i r e c t  r e p l i c a  
sca l ing .  
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Frequency, 

Centerline 

Outer Tank 

nz 

Vibrat ion test r e s u l t s  f o r  th is  model are compared w i t h  the 
r e s u l t s  of a f u l l - s c a l e  Saturn I v i b r a t i o n  survey i n  Reference 2.2. 
F i r s t  bending and c l u s t e r  mode shapes and frequencies  f o r  t h e  
model and fu l l - sca l e  v e h i c l e  are presented i n  Figure 2.5. 

2.6 2-83 

0 0 

U 

1/5 Scale  Fu l l  Scale 
Model (SAD-1) 

IF1 t Direction of Motion 

I 1 - 1  

-1.0 0 +1.0 t Shaker 

Relative Deflect ion Section A-A 

a)  F i r s t  Bending Mode 

Frequency, 

Centerline 

Outer Tank 

t Direction of Motion 

t Shaker -1.0 0 $1.0 

Relative Deflect ion Section A-A 

b) F i r s t  Cluster Mode 

Figure 2.5 Fundamental Modes a t  Maximum Dynamic Pressure-Weight, Saturn I 

Other launch vehicles that have undergone ex tens ive  a n a l y s i s  
through the use of a dynamic scale model are t h e  T i t a n  I I I A  and 
Titan I I I C .  
the Langley Research Center. The T i t a n  I I I C  model, i n  t h e  test 
s tand,  is  shown i n  Figure 2.6. 

A complete ground v i b r a t i o n  survey w a s  performed a t  
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Figure 2.6 Ti tan 111 l / l i-Scale Model 

MARTIN MARIEITA C 
D E N V E R  D I V I S I O N  



2-10 MCR-6 8-8 7 

The model u t i l i z e d  d i r e c t  geometric s ca l ing  wi th  s i m i l a r  
materials ( r ep l i ca  sca l ing )  and fu l l - sca l e  manufacturing tech- 
niques except t h a t  some devia t ions  were allowed i n  t h e  Transtage 
s t r u c t u r e .  The model was used t o  r ep lace  t h e  usua l  fu l l - s ca l e  
v i b r a t i o n  survey. A discuss ion  of t h i s  test program is  found i n  
Reference 2,3. Comparison of r ep resen ta t ive  model v i b r a t i o n  
modes is  shown i n  Figure 2.7. 
f requencies  is presented i n  Table 2.1. 

Comparison of r ep resen ta t ive  model 

Table 2.1 Frequency Comparison, Ti tan  I I I A  
and T i t an  I I I C  1/5-Scale Models 

R e s u l t s  of a s t a t i s t i c a l  s tudy conducted t o  e s t a b l i s h  the  
to le rances  associated with the  dynamic c h a r a c t e r i s t i c s  of t he  Ti tan  
I I I C  a r e  presented i n  References 2.13 and 2.14. 
to le rances  f o r  a 99% confidence l eve l ,  a r e  presented i n  Table 2.2.  

Modal frequency 

Table 2 . 2  Modal Frequency Tolerance, T i tan  111 C 

Plane 

P i t ch  

P i t ch  I, 
Note t h a t  a t  modes as low as t h e  th i rd ,  a t o l e r a n c e  varying from 
10% t o  19% is determined. 
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Analy t ica l  
T i t an  IIIG, L i f t o f f  

----- Experimental (26,000 I b  Payload) 
Ti tan  IIIA, L i f t o f f  
(5000 l b  payload) 

Model S ta t ion  

1st P i t ch  Mode 

Model S ta t ion  

Model S ta t ion  

2nd P i t ch  Mode 

Model S ta t ion  

Model S ta t ion  

3rd P i t ch  Mode 

Model S ta t ion  

F igure  2.7 Mode Shapes, Titan I I I A  and I I I C  l/E-Scale Models 
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Descr ip t ion  of Group 

A l l  payloads, a l l  f l i g h t  times 
p i t c h  and yaw planes 

A l l  payloads, a l l  f l i g h t  times 
p i t c h  p lane  

A l l  payloads, a l l  f l i g h t  times 
yaw plane 

MCR-68-87 

Values of Tolerances i n  % 

Mode 1 Mode 2 Mode 3 

cp 6 21 28 
8 36 50 45 

cp 7 12  1 3  
e 47 20 12  

4 6 29 1 2  1 
0 25 99 1 4 1  

Modal displacement and s l o p e  to le rances  f o r  the same conf igura t ion  
are presented i n  Table 2.3. 

Table 2.3 Modal Displacement and Slope Tolerance, T i t an  111 C 

5,000 l b  payload, a l l  f l i g h t  t i m e s  
p i t c h  and yaw planes 

26,000 lb payload, a l l  f l i g h t  t imes 
p i t c h  and yaw planes 

45,000 l b  payload, a l l  f l i g h t  t i m e s  
p i t c h  and yaw planes 

All payloads, f l i g h t  time = 0 sec. 
p i t c h  and yaw planes 

cp 3 10 
8 2 1  37 

9 
36 

cp 7 51 356 
8 48 31 39 

cp 11 50 227 
e 54 147 37 

cp 8 34 19 
e 35 47 80 

p i t c h  and yaw planes 

These to l e rances  represent  average va lues  of to le rances  evaluated 
a t  ind iv idua l  sensor  loca t ions .  
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An a n a l y t i c a l  technique t h a t  can b e  used t o  improve t h e  q u a l i t y  
of experimental v i b r a t i o n  modes w a s  developed i n  conjunct ion wi th  
t h e  T i t a n  111 Transtage test. 
frequency sepa ra t ion  r e s u l t e d  due t o  t h e  complexity of t h e  s t r u c t u r e .  
These experimental modes were used as "assumed" modes f o r  a v i b r a t i o n  
a n a l y s i s  and t h e  coupled Transtage m a s s  matrix w a s  determined under 
t h e  assumption t h a t  only i n e r t i a l  coupling e x i s t s .  
modes, computed by t h e  v i b r a t i o n  a n a l y s i s ,  w e r e  then used as t h e  
Trans tage  modes f o r  all f u r t h e r  analyses.  The uncoupled modes 
d i f f e r e d  only s l i g h t l y  from t h e  test modes b u t  t hese  d i f f e rences  
were s u f f i c i e n t  t o  provide modal or thogonal i ty  wi th  r e spec t  t o  t h e  
mass matrix.  

Severa l  modes wi th  very l i t t l e  

The uncoupled 

0 Lateral Modes, I I I C  

A Lateral Modes, IIIA 

I I I 

Modal damping d a t a  (Ref. 2.14) obtained during t h e  T i t a n  IIIA 
and T i t a n  LILC 1/5-scale model test are presented i n  Figure 2 .8 ,  

Figure 2.8 Modal Damping Data, T i t a n  IIIA 
and T i t a n  IIIC l/S-Scale Models 
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2.2 Aeroe las t ic  Models 

Aeroe las t ic  models of launch veh ic l e s  
constructed t o  i n v e s t i g a t e  t h e  response, and imposed loads,  of 
vehicles subjec ted  t o  ground winds and t o  random t r anson ic  b u f f e t  
exc i t a t ion .  

2.2.1 Buffet  Models 

Avai lable  wind tunnels  impose a s i z e  r e s t r i c t i o n  on t ransonic  
b u f f e t  models and t y p i c a l  models are r e s t r i c t e d  t o  l engths  of 10 feet 
t o  1 6  f e e t .  
of t he  T i t an  I11 veh ic l e  with var ious payloads. 
sca led  i n  accordance wi th  the  scale f a c t o r s  d i c t a t e d  by d i r e c t  
geometric s c a l i n g  using s i m i l a r  materials bu t  w a s  no t  constructed 
wi th  r e p l i c a  sca l ing .  
necessary t o  determine b u f f e t  response. 
s t i f f n e s s e s  were simulated wi th  a machined metal tube of smaller 
diameter and higher  w a l l  th ickness  than a d i r e c t l y  sca led  r ep l i ca .  
The model is  shown in Figure 2.9. 
of cut-outs provided the proper r a t i o  of bending t o  shear  s t i f f n e s s .  

Figure 2.10 shows a 7% scale a e r o e l a s t i c  b u f f e t  model 
This model was 

Only t he  s imulat ion of bending modes w a s  
The bending and shear  

A basket- l ike machined p a t t e r n  

Figure 2.9 Ti tan IS1 7% Buffet  Model Construction 
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7% Scale Buff et  Model 

180-in. Bulbous Payload 

C b  260-in. Bulbous 

~ ~ ~- 
Figure 2.10 Titan 111 Aeroelast ic  Buffet Model 

Payload 
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Scaling Rela t ion  

The more important s 
model are summarized i n  T 
model and prototype, r e s p e c t i v e  

Length 

, Tota l  Mass 

Velocity 

Table 2.4 Scaling Parameters, T i t a n  111 7% Buffet  Model 

R / R  = 0.07 = n 

Mm/Mp = (0.07) 3 m P  

vm/vp = 1 

The test opera t ing  medium and condi t ions  were such t h a t  t h e  
r e l a t i o n s  between t h e  non-dimensional parameters S t rouhal  Number 
(w!L/V) and Reynolds Number (PVk/V) w e r e  

- 

A complete d iscuss ion  of t h e  model and test can b e  found i n  
Reference 2.4.  
bending f requencies  is  shown i n  Table 2.5. 

Comparison between model and sca l ed  f u l l - s c a l e  

Table 2.5 Bending Frequencies, T i t a n  I I I C  

Yaw, Hz. 
Model Full-Scale 

23.3 20.5 

49 -1 39.7 

150.2 79.7 

(scaled)  

Typical  test r e s u l t s  are presented i n  Figure 2.11. 
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Non-Dimensional 
Moment A t  Stn.  650 

Normalized t o  
Maximum Moment 
i n  Ti tan  IIIA 
Configuration 

Ti tan  IIIC 
260-in. P/L 

Ti tan  I I I C  
180-in. P/L 

15 

5 t ’  

T i tan  I I I C  

~ I T i tan  I I I A  wi th  Cone-Cylin der  
120-in. P / L h  

I 
0 
0 . 6  0 .8  1.0 

Mach Number 

I I 

Figure 2 .11  Normalized r m s  Osc i l l a to ry  Core Bending Moment, 
T i t an  111 Model 

Aeroe la s t i c  models of t h e  Saturn I launch veh ic l e  have been 
b u i l t  a t  2% and 8% scale using dynamically similar cons t ruc t ion .  
Complete s t r u c t u r a l  r e p l i c a  s c a l i n g  w a s  no t  attempted. 
r e s u l t s  f o r  t h e s e  models are presented i n  References 2.5 and 2.6. 
The 2% model w a s  used pr imar i ly  f o r  t h e  measurement of aerodynamic 
damping bu t  i t  can be  regarded as being c h a r a c t e r i s t i c  of present- 
day buff e t  models, 

T e s t  

The s c a l i n g  approach used t o  transform model test r e s u l t s  i n t o  
usable  f u l l - s c a l e  va lues  is  developed i n  Reference 2.7. This 
document a l s o  p re sen t s  test r e s u l t s  f o r  a simple b u f f e t  model (with 
two payload shapes) c h a r a c t e r i s t i c  of single-body launch vehic les .  
References 2.8 through 2.10 present  r ecen t  test  r e s u l t s  obtained 
during an  ex tens ion  t o  t h e  Ti tan 111 b u f f e t  test program. SeveraL 
conf igura t ions  and payloads are considered. 
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2.2.2 Wind-Induced O s c i l l a t i o n  Models 

Several  launch v e h i c l e  models have been b u i l t  t o  p r e d i c t  dynamic 
loads induced by ground winds. Ground wind induced o s c i l l a t i o n s  are 
assoc ia ted  wi th  pe r iod ic  vor tex  shedding on t h e  v e h i c l e  and umbi l ica l  
tower. Simulation, o r  a t  least resonable approximation, of t h e  f u l l -  
s c a l e  Reynolds Number is an important requirement and usua l ly  
n e c e s s i t a t e s  t e s t i n g  i n  media o t h e r  than air (e.g., Freon). Proper 
s imula t ion  of t h e  test gas-model dens i ty  r a t i o  then  r equ i r e s  h igher  
va lues  of model m a s s  than are d i c t a t e d  by d i r e c t  dens i ty  sca l ing .  

One of t he  most s i g n i f i c a n t  ground wind models w a s  t h e  7.5% 
a e r o e l a s t i c  T i t an  I I I A  model and launch tower shown i n  Figure 2'12. 
The model w a s  mounted on a t u r n t a b l e  t o  p e r m i t  v a r i a t i o n  of t h e  
r e l a t i v e  wind d i r e c t i o n .  

A s  i t  w a s  d e s i r a b l e  t o  match f u l l - s c a l e  Reynolds Numbers as 
c lose ly  as poss ib l e ,  t h e  model w a s  t e s t e d  (using Freon 1 2  as t h e  test 
medium) 
tunnel. 
r e s t r i c t i o n s .  The imposed dens i ty  and v i s c o s i t y  r a t i o s  were 

i n  t h e  Langley Research Center 16 f o o t  v a r i a b l e  p re s su re  
This u s e  of Freon as t h e  test medium imposed c e r t a i n  

= 3.7 and om' Pp pm/p = 0.757. 
P 

Even wi th  Freon i t  w a s  impossible t o  match f u l l  scale Reynolds 
Numbers using p r a c t i c a l  m a t e r i a l s  f o r  model cons t ruc t ion  without  
v i o l a t i n g  m a s s  o r  s t i f f n e s s  s c a l i n g  parameters. The test Reynolds 
Numbers w e r e  0.45 of t h e  f u l l - s c a l e  va lues .  Some o ther  important 
s ca l ing  parameters f o r  t h i s  T i t an  I11 model are presented i n  
Table 2.6 

Table 2 .6  Scaling Parameters, T i t an  I11 7.5% 
Aeroe las t ic  Wind-Induced O s c i l l a t i o n s  Model 

Dynamic P r e s  s u r  e 
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Figure 2.12 Titan IIIA 7.5% Aeroelastic Model with  Umbilical Mast 
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Note that t h e  Strouhal Number (@R/V) w a s  sca led  exac t ly ,  
r a t i o  w a s  

The m a s s  

Mm/Mp = (Rm/xp) 3 (P /P ) = 1.55 x 10 -3 . 
= P  

These s c a l i n g  parameters, wi th  t h e  except ion of t h e  Reynolds 
and Mach Numbers, r ep resen t  a c o r r e c t  set f o r  a e r o e l a s t i c  s c a l i n g ,  
The test Mach Numbers d i d  no t  equal t h e  f u l l - s c a l e  Mach Number b u t  
t h i s  discrepancy was shown t o  be  n e g l i g i b l e  through c a l i b r a t i o n  
tests i n  which the  Reynolds and St rouhal  Numbers were held cons tan t  
whi le  t h e  Mach Number w a s  va r i ed .  

A s'mmary d iscuss ion  of t h i s  test program is presented i n  
Reference 2.4 and a complete r e p o r t  is  t o  b e  found i n  Reference 2.11. 
Response of t h e  v e h i c l e  o r  umbi l ica l  s t r u c t u r e  ( i f  a f f ec t ed  by vor tex  
shedding) is  pr imar i ly  a func t ion  of t h e  S t rouhal  Number. 
taken from t h i s  r e fe rence ,  shows t h e  dimensionless a c c e l e r a t i o n  
power s p e c t r a l  dens i ty  measured f o r  t y p i c a l  T i t an  111 payloads and 
umbilical  mast conf igura t ions .  

Figure 2.13, 

100 

10 

1 

Closed Mast 

I I I 1 

.04 .06 .08 .10 .15 .20 .30 .40 .50 

Figure 2.13 Normalized Di s t r ibu t ion ,  Ti tan  111 Wind-Induced 
O s c i l l a t i o n s  Model 
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Rela t i  

F igure  2.14 gives  an i n d i c a t i o n  of the e f f e c t  of r e l a t i v e  wind 
d i r e c t i o n  an t h e  dynamic bending moment response of t h e  T i t an  111 
umbi l ica l  m a s t  a t  t h e  S t rouhal  Number of m a x i m u m  dynamic response. 

.ve Wind 

I I I 
60 O 90 O 120 O 

Rela t ive  Wind Azimuth (p) 

Figure 2.14 Contours of Constant Dynamic Moment Coeff ic ien t ,  
T i tan  111 7.5% WIO Model 

The dynamic bending moment c o e f f i c i e n t s  used i n  t h i s  c h a r t  were 
determined from t h e  r e l a t i o n s h i p  
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where M = measured dynamic bending moment, PL 
dY n 

2 
q 

L = l eng th  of m a s t ,  L 

= tunnel  dynamic pressure,  F/L 

and 

R =  1 0 

where x is  t h e  mast coord ina te ,  The func t ion  $(x) r ep resen t s  
t h e  normalized f i r s t  bending mode shape (which’accounted f o r  
p r a c t i c a l l y  a l l  of t h e  response) and W(x) is t h e  width of t h e  
m a s t  perpendicular  t o  t h e  wind d i r e c t i o n ,  
(Figure 2.14) used i n  computing t h e  reduced v e l o c i t y  ( inve r se  
Strouhal Number) i s  t h e  width of t h e  t i p  of t h e  m a s t .  

The parameter D 

Other a e r o e l a s t i c  models designed t o  i n v e s t i g a t e  t h e  e f f e c t s  
of ground winds (Fig. 2.15) have included a 3%-scale Saturn V 
model, a 15%-scale model of t h e  Scout v e h i c l e  and a 20%-scale 
J u p i t e r  v e h i c l e ,  The use  of t h e  Langley Research Center 16-foot 
v a r i a b l e  dens i ty  t r anson ic  tunnel  permitted c l o s e  s imula t ion  of 
t h e  f u l l - s c a l e  Reynolds Number except f o r  t h e  Saturn model. I n  
t h i s  ca se  t h e  model w a s  t e s t e d  a t  approximately one-third of t h e  
f u l l - s c a l e  Reynolds Number (Ref 2 .2) .  

The maximum lateral  o s c i l l a t o r y  bending moment as a func t ion  
of t h e  inve r se  S t rouhal  Number (Ref 2.2) f o r  t h e  3%-scale Saturn V 
model is shown i n  Figure 2.16. 
range of inverde  S t rouhal  Number is ind ica t ed  f o r  t h e  lowest 
damping case. This peak is seen  t o  vanish as damping is increased. 

A l a r g e  response over a l imi t ed  

A summary of pub l i ca t ions  dea l ing  wi th  t h e  e f f e c t s  of ground 
winds on launch veh ic l e s  w i l l  be  found i n  Reference 2.12. 
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ERECTOR TOWER 
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Figure 2.15 Aeroelastic Models, Recent Wind-Induced Oscillations Research 
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I n v e r s e  S t rouha l  Number 

F igure  2.16 Effect of Damping, 3% Sa tu rn  V Model 
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3 .  DYNAMIC MODEL SCALING PHILOSOPHY 

The b a s i c  requirement governing t h e  des ign  of any dynamic 
model is t h a t  of s i m i l i t u d e  between t h e  model and t h e  f u l l - s c a l e  
s t r u c t u r e  (or  phenomenon) which is  t o  b e  s imulated.  This  requi re -  
ment must b e  s a t i s i f i e d  f o r  any of t h e  time-dependent phys ica l  
processes  o r  c h a r a c t e r i s t i c s  t h a t  are of i n t e r e s t  t o  t h e  experi-  
menter. The a n a l y t i c a l  t o o l  gene ra l ly  used t o  develop t h e  
s imi l i t ude lawsgovern ing  model des ign  is dimensional a n a l y s i s .  
The development of t h i s  method (Ref 3.1, 3 . 2 ,  3 . 3 ,  and 3 . 4 )  is  
a t t r i b u t e d  t o  Buckingham and Rayleigh. Dimensional a n a l y s i s  is  
based upon t h e  hypothes is  t h a t  t h e  s o l u t i o n  of a phys ica l  problem 
is expres s ib l e  i n  t h e  form of a dimensional ly  homogeneous equat ion  
w r i t t e n  i n  terms of t h e  v a r i a b l e s  a f f e c t i n g  t h e  problem. Once 
t h e s e  v a r i a b l e s  are spec i f i ed ,  a group of dimensionless  s c a l i n g  
parameters can b e  der ived .  S imi l i t ude  is  achieved when t h e  s c a l i n g  
parameters are i d e n t i c a l  f o r  both t h e  model and t h e  pro to type .  

3.1 Sca l ing  Laws f o r  S t r u c t u r a l  Vibra t ions  of Launch Vehicles  

The p r e d i c t i o n  of t h e  v i b r a t i o n a l  c h a r a c t e r i s t i c s  of launch 
veh ic l e s  through t h e  use  of scale models is  based upon t h e  assump- 
t i o n  t h a t  both model and pro to type  are governed by t h e  same phys ica l  
l a w s .  From t h e s e  phys ica l  l a w s  can b e  e s t a b l i s h e d  t h e  modeling l a w s  
which mathematically re la te  t h e  corresponding c h a r a c t e r i s t i c s  of t h e  
two systems. The non-dimensional form of t h e  system governing 
equat ions  must b e  t h e  same f o r  both model and pro to type .  

I n  gene ra l ,  s t r u c t u r a l  models can b e  sepa ra t ed  i n t o  t h r e e  
classes; t h e  p a r t i c u l a r  model choice  is governed by t h e  complexity 
of t h e  pro to type  s t r u c t u r e ,  t h e  type of e x c i t i n g  f o r c e s  and t h e  
frequency range t o  b e  inves t iga t ed .  A g r a p h i c a l  r e p r e s e n t a t i o n  of  
t h e  c l a s s e s  i s  shown i n  F igure  3.1. 

I f  t h e  e x c i t i n g  f requencies  are below t h e  f i r s t  few s t r u c t u r a l  
f requencies  many of t h e  d e t a i l s  p re sen t  i n  the pro to type  v e h i c l e  
can b e  neglec ted ,  t h e  s t r u c t u r e  can b e  represented  by mass-spring- 
damper elements and, w i t h i n  t h i s  l i m i t e d  frequency range, the model 
w i l l  e x h i b i t  f a i t h f u l  dynamic s i m i l a r i t y .  A s  t h e  e x c i t i n g  frequency 
spectrum inc reases  a more complete geometr ica l  s i m i l a r i t y  is 
requ i r ed  as t h e  pro to type  v e h i c l e  no longer  behaves as a s i n g l e  
u n i t  b u t  r a t h e r  becomes a multi-branched s t r u c t u r e ,  
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Geometrically Similar  

MCR-68-87 

S t r u c t u r a l  Models L 

Mater ia l s  I 1 Mater ia l s  I 

Figure 3.1 Dynamic Model Classes  

The form of appl ied  e x c i t a t i o n  a l s o  governs t h e  choice of 
model. I f  t h e  appl ied  fo rces  a r e  approximately uniform over t h e  
sur face ,  geometric s ca l ing  of s k i n  panels  i s  a reasonable  approach. 
For propagating e x c i t a t i o n  (e.g., no ise)  i t  becomes necessary t o  
accura te ly  scale geometry, mass and s t i f f n e s s  c h a r a c t e r i s t i c s .  

There e x i s t  two methods of p red ic t ing  t h e  be6avior of phys ica l  
systems. 
a mathematical model o r  a n  analog is  crea ted  of t h e  phys ica l  system 
i n  quest ion.  The second method is by tests on a prototype o r  a 
properly sca l ed  model. Considering t h e  model test, t h e  problem is 
t o  i d e n t i f y  t h e  phys ica l  parameters which govern t h e  phenomenon of 
i n t e r e s t ,  t o  cast them i n t o  groups of non-dimensional v a r i a b l e s ,  
t o  perform tests on properly sca l ed  models, and t o  apply t h e  r e s u l t s  
from these tests t o  p red ic t ion  of t h e  behavinr of t h e  prototype. 
Limitat ions exist for both systems, Assumptions made i n  t h e  
mathematical model may b e  too  r e s t r i c t i v e  o r  inaccura te ,  thereby 
l i m i t i n g  t h e  range of a p p l i c a b i l i t y .  More complete mathematical 
models may be  too complex f o r  economical so lu t ions .  
may not  be  s a t i s f a c t o r y  i f  a l l  t h e  important v a r i a b l e s  are not  
i d e n t i f i e d  and/or i f  proper s i m i l i t u d e  is not  provided, 
of dimensional ana lys i s  is based on t h e  Buckingham P i  theorem from 
which s c a l i n g  l a w s  are evolved. 

One i s  by m e a n s  of ana lys i s  o r  computer s imula t ion  whereby 

Scaled models 

The theory 
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The measure of physical  phenomena can be expressed i n  u n i t s  
of t h e  independent q u a n t i t i e s  of mass, length ,  time, and tempera- 
t u r e  e i t h e r  s ing ly  o r  i n  mul t ip le  combinations.* 

x i n  some unknown manner. 
kzown, i t  is poss ib le  t o  pred ic t  t he  outcome y f o r  a given set 
x , x2, . , . x it the  func t ionz l  r e l a t ionsh ip  between y and i ts  independent 
va r i ab le s  i n  unknown, 

Assume a physical 
phenomenon y depends on seve ra l  independent var iab les ,  x , X 2 .  0 .  

I f  a l l  t h e  independent variables are 

by means of a properly sca led  model test, even 

The following theory underlies t h e  de r iva t ion  of t he  sca l ing  
l a w s .  
on which it depends can be expressed i n  general as 

The func t iona l  r e l a t ionsh ip  between y and a l l  t h e  var iab les  

I f  t h e  exact nature of t h e  function f w e r e  known, then t h i s  
would be t h e  mathematical expression of t h e  physical l a w  expressing 
the  dependence of y on xl, x , . . . x 
independent of t he  u n i t s  use2 i n  the  measurement, and appl ies  
j u s t  as w e l l  t o  t h e  model as i t  does t o  the  prototype. Using 
t h e  subsc r ip t s  m t o  apply t o  the  model and p t o  apply t o  t h e  

This physical  l a w  is n 

prototype, w e  have t h e  re la t ionships  

* x  1 

r . . X  ) 
2P’ nP 

Ym = fbh’ x2m’ * 

Yp = f (Xlp,  x 

nm 

Since the  va r i ab le s  i n  a physical problem can ,e expressed 
i n  terms of t h e  four bas i c  dimensions of mass, length,  t i m e ,  
and temperature, then the  n + 1 var i ab le s  (y , xl, x2, . . xn) 
can be combined i n t o  (n + 1)-4 = n-3 dimensionless groups. 

Remembering t h a t  t h e  physical l a w  is  t h e  same f o r  model and 
prototype, Equation 2 can then be r ewr i t t en  

IT 

IT 

= F ( I T ~ ~ ,  .‘r3,, . . . ~(n-3)m) 

= F ( I T ~ ~ , I T ~ ~ ,  . . . ~ ( n - 3 ) p )  

l m  

I P  

where the  dimensionless groups IT IT , contain t h e  dependent 
va r i ab le  y ,  and t h e  o ther  dimens&%he& groups contain t h e  
independent var iab les .  I f  t he  model is s o  constructed t h a t  t h e  
s imi l i t ude  requirements 

*Electrical and magnetic phenomena r equ i r e  add i t iona l  u n i t s ,  

(3 1 
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r(n-3)m = r ( n - 3 ) ~  

are s a t i s f i e d ,  then it  must follow from Equation 3 t h a t  t h e  s c a l i n g  
l a w  f o r  t he  dependent v a r i a b l e  is 

= I T  IT1m ~p 

Since ym (contained i n  IT 
test, t h e  dimensionless q u a n t e y  IT 
determined experimentally.  

) can b e  measured from the model 
= ITh can the re fo re  b e  

IP 

Thus knowing IT t h e  numerical value of the physical  quant i ty  
y 
dgsired s c a l e  f a c k  f o r  t h e  dependent v a r i a b l e  y 

contained i n  IT '&n b e  ca lcu la ted .  Equation 5 thus gives  t h e  

P* 
With four  b a s i c  dimensions i n  t h e  problem (mass, l eng th ,  time, 

and temperature),  four  scale f a c t o r s  may b e  chosen a r b i t r a r i l y  t o  
s u i t  test requirements. The remaining scale f a c t o r s  w i l l  then be  
expressed i n  terms of one o r  more of these  fou r ,  

I n  general ,  i f  a l l  t h e  va r i ab le s  on which a p a r t i c u l a r  
phenomenon depends are known, dimensional ana lys i s  w i l l  g ive  t h e  
des i red  sca l ing  l a w  f o r  t he  dependent v a r i a b l e  and a l l  t h e  
s i m i l i t u d e  requirements necessary t o  ensure i t s  t h e o r e t i c a l  
v a l i d i t y .  However, two important p r a c t i c a l  d i f f i c u l t i e s  usua l ly  
must be overcome t o  develop a workable s c a l i n g  l a w .  
d i f f i c u l t y  i s  t h e  p r a c t i c a l  imposs ib i l i ty  of s a t i s f y i n g  a l l  t h e  
s i m i l i t u d e  requirements t h a t  are t h e o r e t i c a l l y  necessary (Eq, 4) .  
An approximately co r rec t  s c a l i n g  l a w ,  however, can s t i l l  b e  obtained. 
Only by experimentation can the  importance of t h e  s i m i l i t u d e  
requirements t h a t  are necessar i ly  neglected,  b e  determined. In 
any case,  empir ical  co r rec t ions  t o  t h e  s c a l i n g  l a w  can usual ly  
be developed. For example, i f  a p a r t i c u l a r  s i m i l i t u d e  require-  
ment , = IT , proves t o  be  important,  and y e t  cannot be  
s a t i s f h ,  th i 'd i f f icu l ty  can be  overcome by determining experi-  
mentally how IT v a r i e s  w i t h  IT keeping a l l  o t h e r  IT terms constant .  

The second d i f f i c u l t y  is t h a t  a complete knowledge of a l l  
the va r i ab le s  may not  exist. Thus, t h e  u n s a t i s f i e d  s i m i l i t u d e  
requirement f o r  each unknown v a r i a b l e  may cause devia t ions  from 
the s c a l i n g  l a w .  

The f i r s t  

1 k' 
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The s tudy  of the modeling parameters is  a p p l i c a b l e  t o  t h e  
de te rmina t ion  of lateral v i b r a t i o n s  of aerospace  vehicles, v e h i c l e  
s t a g e s ,  and o r b i t i n g  space  s t r u c t u r e s  such as antennas ,  m i r r o r s  
and space  s t a t i o n s ,  
been used t o  s tudy  a wide v a r i e t y  of mechanics problems. 
work i n  t h i s  s tudy i n v e s t i g a t e s ,  i n  a q u a n t i t a t i v e  manner, some 
a p p l i c a t i o n s  of unconventional modeling techniques,  The purpose 
of t h i s  approach is t o  i d e n t i f y  and t o  e v a l u a t e  those  techniques 
t h a t  can be  used on s t r u c t u r e s  and s t r u c t u r a l  problems that do 
not  lend themselves t o  t h e  more common modeling techniques.  

The a p p l i c a t i o n  of s c a l i n g  techniques has  
The 

The formulat ion of a problem i n  dynamics response r e q u i r e s  
s y n t h e s i s  of t h r e e  r e l a t e d  p a r t s .  These are 

1, Geometry of the s t r u c t u r e  and i ts  component 

2. Mechanical p r o p e r t i e s  of t h e  material and characteristics 
of j o i n i n g  techniques used i n  t h e  s t r u c t u r e .  

3.  Loads and environment of the s t r u c t u r e ,  

Dimensional a n a l y s i s  is used t o  i d e n t i f y  the numerical  va lues  
of s c a l e d  indepdendent v a r i a b l e s  (geometry and materials p r o p e r t i e s )  
requi red  t o  provide complete s i m i l i t u d e  for  la teral  v i b r a t i o n s  of 
space  veh ic l e .  Requirements of model geometry and model material 
cannot b e  s a t i s f i e d  us ing  convent ional  modeling techniques.  
is t h e  i n t e n t  of t h i s  s tudy  t o  determine the va lues  of materials 
p r o p e r t i e s  (such as d e n s i t y  and modulus) r equ i r ed  f o r  t h e  preserva- 
t i o n  of l a te ra l  v i b r a t i o n  s i m i l i t u d e ,  The limits imposed on model 
s i z e  are i d e n t i f i e d  by t h e  a v a i l a b i l i t y  and economy of unusual  
techniques 

It 

A s tudy  of t h e  convenience of t h e  four  a r b i t r a r y  scale 
f a c t o r s  can b e  undertaken t o  i d e n t i f y  which combinations are most 
convenient f o r  t h e  p a r t i c u l a r  aspec t  of t h e  problem be ing  modeled. 
One requirement f o r  t h e  set  of p r o p e r t i e s  (independent v a r i a b l e s )  
chosen is t h a t  t h e  b a s i c  dimensions of M, L. T ,  and 8 must b e  
ob ta inab le  by combinations of those  p r o p e r t i e s .  A very  common 
choice  is as fol lows:  

Symbol Proper ty  Dimension S c a l e  Fac tor  -. 

R Length L 

P Mass Density ML-3 

F I  
DF Y V E R  D ! V I S I O N  
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Symbol Property 

V Veloci ty  

e 

On 

D i m e n s  i o n  

LT-l 

R Temperature 0 

chosen, these f t o r s  mu t b e  us  

Sca le  Fac tor  

d f o r  s c a l i n g  on a l l  of t h e  
a spec t s  of the given problem: 

Ins t ead  of the list g iven  above, any set  of independent 
v a r i a b l e s  which con ta ins  a l l  four  of the b a s i c  dimensions can b e  
chosen, For example, one can choose a p re s su re  v a r i a b l e  i n s t e a d  
of m a s s  dens i ty  s i n c e  Pv2 has  u n i t s  of pressure .  
however, t h e  s i m i l i t u d e  requirements f o r  a l l  t h e  o the r  independent 
v a r i a b l e s  and t h e  s c a l i n g  l a w s  f o r  t h e  dependent v a r i a b l e s  are 

4 expressed i n  terms of t h e  four  scale f a c t o r s  n 1, n2, n and n 
which have been chosen. 
s p e c i f i c  d i f f i c u l t i e s  which w i l l  be  encountered i n  bu i ld ing  t h e  
scale-model .  A p a r t i c u l a r  d i f f i c u l t y  can b e  exchanged f o r  a 
less-formidable d i f f i c u l t y  by a l t e r i n g  t h e  choice  of a r b i t r a r y  
scale f a c t o r s .  

I n  t h e  end, 

Thus, t h i s  choice  determines $;e 

Candidate f a b r i c a t i o n  techniques f o r  metal models are: 
e l e c t r o p l a t i n g  copper o r  mickel on a wax mandrel (a system used 
f o r  very t h i n  s h e l l  specimens f o r  buckl ing experiments);  vacuum 
depos i t i on  of t h i n  f i lms  on l o s t  wax and chem-mill ing ( cu r ren t ly  
used on aluminum and t i t an ium aerospace s t r u c t u r e s ) .  

Appl ica t ion  of nonmetal l ic  materials ( p l a s t i c s ,  f i b e r g l a s s  
composites, and sandwich composites) f o r  models are poss ib l e .  
It is  important  t o  i d e n t i f y  those  materials which can provide 
apprec i ab le  v a r i a t i o n  i n  o the r  p r o p e r t i e s  such as modulus and 
dens i ty  and s t i l l  main ta in  t h e  requi red  geometric s i m i l i t u d e .  

Producing models of materials d i f f e r e n t  from t h e  pro to type  
gene ra l ly  means a d i f f e r e n c e  i n  mater ia l  paramters (E, L), and v) .  
For example, l e t  us  cons ider  t h e  fol lowing s i m i l i t u d e  requirement.  

2 2 

2 2 
'mi m - - -_ pPRP 

Emt m P P  
E t  
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Assume t h a t  a l l  times f o r  
the same f o r  a 10% model. 

Obviously , this  cannot b e 
the pro to type  and model. 

model and p ro to type  are requ i r ed  t o  b e  
W e  then  have 

1 
100 x -  

s a t i s f i e d  us ing  t h e  same material f o r  
I f  a broad choice  of material i s  avail- 

ab le ,  w e  can choose f o r  the model 

E = Ep , a very f l e x i b l e  material - 
10 m 

= lopp , a very  dense material 'm 

A phenomenon t h a t  can  b e  important i n  modeling using p l a s t i c s  
i s  t h e  presence of v i s c o e l a s t i c  behavior .  I f  t h e  model material 
e x h i b i t s  a s t r a i n - r a t e  e f f e c t  dur ing  v i b r a t i o n  s t u d i e s ,  b u t  t h e  
pro to type  material does not ,  then  t h e  modeling l a w s  must account 
f o r  t h i s  v i o l a t i o n  of t h e  s i m i l i t u d e  requirements ,  

Requirements f o r  adequate  s c a l i n g  of j o i n t  d e t a i l s  ( inc luding  

The need t o  make small-scale exac t  r e p l i c a s  
f r i c t i o n ,  roughness, p r e s t r e s s ,  and i n t e r n a l  f o r c e s  of f a s t e n e r s )  
is a formidable task .  
of s t r u c t u r a l  j o i n t s  r e s u l t s  from t h e  l a c k  of an  a n a l y t i c a l  o r  
empir ica l  model of the dynamic behavior  of t h e s e  j o i n t s  e 

3 . 2  Basic Dimensions f o r  Sca l ing  Analysis 

For t h e  several classes of problems t o  b e  considered,  w e  
w i l l  f i r s t  e s t a b l i s h  t h r e e  a r b i t r a r y  scale f a c t o r s  from which 
w e  can i s o l a t e  m a s s  (or f o r c e ) ,  l eng th ,  and t i m e ,  Although t h e  
primary i n t e r e s t  i s  dynamic s c a l i n g ,  w e  s h a l l  not  neg lec t  t h e  
s t a t i c  problem. The procedure is t o  b u i l d  t h e  dynamic problem 
from t h e  s t a t i c  and t o  have forced  v i b r a t i o n s  r e l a t e d  t o  f r e e  
v i b r a t i o n s .  

To i n d i c a t e  many of t h e  terms t h a t  should b e  considered i n  
s t r u c t u r a l  s c a l i n g ,  Table 3-1 is  presented i n  dimensional form. 
Both t h e  engineer ing dimensions of f o r c e  (F),  l eng th  (L) ,  and 
t i m e  (T) are g iven  as w e l l  as t h e  b a s i c  dimensions of mass (M),  
l eng th  (L) ,  and t i m e  (T) .  Converting from one system t o  t h e  
o t h e r  w e  u se  f o r  t h e  d e f i n i t i o n  of f o r c e  m a s s  t i m e s  a c c e l e r a t i o n  
o r  symbol ica l ly  

-2 F = MLT 
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Table 3.1 Physical Quant i t ies  and Dimensions 

Quantity 
-~ 

Length (Any l i n e a r  dimension) 
Radius 
Thickness 
Displacement 
Dynamic Response Amplitude 
Area 
Volume 
Moment of I n e r t i a  
Polar Moment 
Force 
Moment 
Pressure 
Stress 
Nodulus of E l a s t i c i t y  
Shear Modulus 
Unit Mass Density 
Unit Weight Density 
Velocity 
Acceleration 
Gravity constant 
T i m e  
Frequency 
B e a m  Extension Rig id i ty  
B e a m  Bending Rigidity 
B e a m  Torsion Rig id i ty  
B e a m  Shear Rig id i ty  
She l l  Extension Rigidity 
She l l  Flexural Rigidity 
Poisson Ratio 
Wave Number 
Coordinate Angle 

- 
Symbol 

R 
R 
h 
W 
X 
A 
v 
I 
J 
P 
M 
9 
0 
E 
G 
P 
Y 

a 
g 
t 
u 
AE 
E1 
GJ 
kAG 
K 
D 
V 
n 

V 

4 
Arbitrary Scale Factor, n, i = 1, 2, 

Engineer in$  

in.  
i n .  
i n .  
i n .  
i n ,  
in.2 
in .  
in .  4 
in .  4 
l b  . 
i n .  lb .  
l b  / i n 2  
l b  1 i n2  
l b  / i n 2  
l b  / i n 2  
l b  ,sec2/in4 
l b  / i n 3  
i n / s  ec 
in / sec2  
i n / s  ec2 
s ec  
l / s e c  
lb 
in2 lb  
in2 lb  
l b  
l b  / i n  
i n .  l b .  

3 

-- -- -- 
e . .  

Units 

L 
L 
L 
L 
L 
L2 
L3 
L4 
L4 

FL- $ 
F L - ~  
FL- 
FL-2 

LT-1 
L T - ~  
LT-2 

T"1 

F L ~  
F L ~  

FL-1 

F 
FL 

FL'4T2 
FL-3 

T 

F 

F 

FL _- -- -- 

Basic Units 

L 
L 
L 
L 
L 
L2 

L43 
L L4 
M L T ~ ~  
M L ~ T - ~  
M L - ~ T - ~  
M L - ~ T - ~  
M L - ~ T - ~  
M L - ~ T - ~  

~~-211-2 
LT-1 
LT-2 
L T - ~  

T"I 
MLT-2 

MLm3 

T 

ML3Tn2 
ML3Ti2 
MLT; 
MT- 
ML2.11-2 
-I -_ 
-e 

.L Dimensionless Quantity, ?T i = 1, 2, , , 
Subscript m (model) 
Subscript p (prototype) 

i 
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Several  classes of problems become apparent when consider ing 
launch veh ic l e  s t ruc tu res .  
and shell-type s t r u c t u r e s ,  f r e e  v ib ra t ions  o r  forced v ib ra t ions ,  with 
l i q u i d  o r  s o l i d  propel lan ts ,  var ious  boundary condi t ions  and several 
gravity-type loadings.  Some of t h e  previous general  discussions 
regarding 7~ terms and a r b i t r a r y  s c a l e  f a c t o r s  are considered i n  
more d e t a i l  f o r  s e v e r a l  kinds of s t r u c t u r e s ,  loadings and responses,  

They may be separa ted  i n t o  beam-type 

To i s o l a t e  t h e  b a s i c  dimensions using a r b i t r a r y  scale f a c t o r s  
n2 and n we w i l l  e s t a b l i s h ,  t h e  s c a l i n g  ratios of E', L, and T nl f o r  model ana prototype. 

length f a c t o r  and w i l l  be  designated n so t h a t  
The usual  a r b i t r a r y  s c a l e  f a c t o r  is t h e  

1 
T L 'm m 

P P 
n = - E -  
1 R L 

T h i s  can b e  w r i t t e n  f o r  t h e  model quan t i ty  containing L as m 

L m = n L  
1 P  

Using the  r a t i o  of modulus of e l a s t i c i t y  as another a r b i t r a r y  
s c a l e  f a c t o r  w e  have 

-2  F L  Em m m  

E 
n 2 = - - =  

-2 F L  
P P  P 

From Equation 6 f o r  n t h i s  can b e  expressed as 1 

-2 F 

F l  
m 

P 
n2 = - n 

and so lv ing  f o r  t h e  model 

F = n ' n ~  m 1 2 p  

fo rce  

(7) 

To incorpora te  t h e  t i m e  s c a l e  f a c t o r  t h e  t h i r d  a r b i t r a r y  
s c a l e  f a c t o r  w i l l  b e  r a t i o  of mass d e n s i t i e s  so t h a t  

MARTIN MARIE-A C O ~ ~ O ~ A ~ ~  
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By us ing  Equations 6 and 7 w e  can express  n3 as 

n 

T 1  
P 

and so lv ing  f o r  Tm w e  have 

-1/2 1/2T 
n3 P 

- n n  Tm 1 2  

Based on t h e  previous d i scuss ion  of T terms i t  is now p o s s i b l e  
t o  scale s e v e r a l  k inds  of problems, and t o  des ign  p r o p e r t i e s  i n t o  
t h e  model depending on t h e  quan t i ty  t o  b e  measured. It is important 
t o  no te  t h a t  independent v a r i a b l e s  are sca l ed ,  dependent v a r i a b l e s  
measured, and t n i s  measured va lue  can b e  c o r r e l a t e d  t o  t h e  pro to type  
by t h e  s c a l i n g  l a w s .  
from t h e  ?T terms inc lude  t h e  ranges of phys i ca l  va lues  t h a t  must 
b e  provided o r  may be  impossible  t o  s a t i s f y ,  

Important p i eces  of information a v a i l a b l e  

3.2.1. S t a t i c  Beam,  Scaled Geometrically 

For t h e  s t a t i c  problem e i t h e r  stress o r  d e f l e c t i o n  are t h e  
usua l  dependent v a r i a b l e s  of i n t e r e s t ,  We can i s o l a t e  t h e  
important  independent parameters and w r i t e  t h e  following: 

Dependent T terms 

U 
77 - -  1 2  

5 
E 7r2 - - 

Independent 7~ terns 

"' Ek2 

P 
P- 

R 
"4 = Pg 

MARTIN MARIE-A CORPORATION 
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v m  r = - = l  
P 

6 v  

i P  
Applying t h e  s c a l i n g  l a w s  rim = r 

Model dimensions from t h e  r terms i n  terms of a r b i t r a r y  f a c t o r s  
become f o r  t h e  dependent v a r i a b l e s  

u = u  m = n u  

P 
m P -  1 P  

Em 

EP 
n2 up G m " U  - = 

and f o r  t h e  independent v a r i a b l e s  
ri 
L 

Em P = n 2 n p  
m E 2 P  1 2 P  
P - -  

RP 

E k 3  m m  

P 

M P - -  
m 

v = v  
m P 

Model d e f l e c t i o n s  scale d i r e c t l y  as t h e  l eng th  scale f a c t o r  and 
stresses as t h e  modulus scale f a c t o r  providing t h e  o t h e r  q u a n t i t i e s  
are proper ly  sca l ed .  

I f  t h e  weight of t h e  s t r u c t u r e  is not  important t hen  r4 can 
be  neglected.  I f ,  however, t h e  s t r u c t u r a l  weight is important 
s i m i l i t u d e  r e q u i r e s  t h a t  r4 b e  s a t i s f i e d ,  

3.2.2 S t a t i c  Beam, Not Scaled Geometrically 

I f  f o r  some purpose of convenience t h e  model does not  f a i t h -  
f u l l y  reproduce t h e  pro to type  i n  a geometric way then  o t h e r  

M A R ~ E ~  M A R E E l T A  CORPORATION 
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prope r t i e s  need t o  b e  spec i f i ed  and scaled.  
automatical ly  provides s i m i l i t u d e  for t h e  a d d i t i o n a l  terms 
involving p rope r t i e s  of areas. 

Geometric s c a l i n g  

Dependent 'IT terms a r e  

U 
I T - -  1 R 

Independent 71 terms become 

P K3 = -  
ER2 

M 
ER3 

7r = -  

E 1  IT = I -  

PR2 

GJ 
E -  

% PR2 

kAG 
Tr = -  9 P 

For nm = 'IT and applying this t o  t h e  above IT 
model q u a n t i t i e s  f o r  t h e  dependent va r i ab le s  
and 10b 

terms w e  can scale 
from Equation 10a 

MARTIN MARIElTA CORPORATION 
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m = nl 

'm E n2 "p 

3-13 

and f o r  t h e  dependent v a r i a b l e s  us ing  Equations l l a  through l l d  
and inc lud ing  T ~ ,  R and R w e  have f o r  t h e  model 8 9 

2 n  P 'm = n l  2 p  

Pm'm = "1 - l n  2 P p 8 p 

vm - v 
P 

2 
= P'm E I  - n 4 n E I  

P 112 p p  1 2 P P  
P P  

a 

E -  = n 4 n G J  
GmJm 1 2 P P  

n 
C 

k A G  = n 2 n k A G  m k A G  = - 
P m m m p P P P  1 2 P P P  

Quan t i t i e s  from t h e  geometr ical ly  s c a l e d  model are r e t a i n e d ,  
I n  a d d i t i o n  t h e  bending, t o r s i o n a l ,  and s h e a r  r i g i d i t i e s  are i n  
t o  ensure  t h e i r  proper  s c a l i n g ,  I f ,  however, one ox more of th 
a d d i t i o n a l  terms is no t  considered important ,  depending on 
loading condi t ion ,  then  t h a t  s c a l i n g  can b e  d is regarded ,  

3 . 2 . 3  

Another class of problems involv ing  beams and beam-like 
s t r u c t u r e s  is f r e e  v i b r a t i o n s .  Many launch v e h i c l e  S t r u c t u r e s  
are l a r g e  beams of c i r c u l a r  c r o s s  sec t ion .  
and loads  change on t h e  beam from p r i o r  t o  launch, t o  l i f t o f f ,  
t o  s t ag ing ,  etc. 

Boundary condi t ions  

The usua l  depedent v a r i a b l e  f o r  f r e e  v i b r a t i o n s  are t h e  
n a t u r a l  f requencies  w 4  I€, however, stress o r  displacement  are 
a l s o  requi red ,  t h e  previous t rea tments  g iven  by Equations 10a 
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and 10b apply, providing t h e  important s i m i l i t u d e  requirements 
have been m e t .  
( loads) P and with u n i t  mass dens i ty  p the  important independent 
va r i ab le s  can be  expressed as 

For f r e e  v ib ra t ions  of a beam subjec ted  t o  a load 

The dependent n term f o r  the n a t u r a l  frequency w is given by 

I n  a manner similar t o  t h e  s ta t ic  problem t h e  o the r  T terms 
become 

P 
T2 = - 

ER2 

1 .  I T 4 - - =  
vm 
V 
P 

Making  IT^ = IT f o r  dynamic s i m i l i t u d e  w e  f ind  the  frequency 
P f o r  t h e  model as 

.rn 

-1 1 / 2  -1/2 
"3 P 

n 1 2  w = n  m 

This r e s u l t  is t o  be expected a f t e r  examining Equation 8 f o r  model 
t i m e  Tm. 
Table 3-1) and obviously Equation 13 is the  r ec ip roca l  of Equation 
8, = 1 then 
the  w e l l  known expression f o r  model and prototype frequency 
r e l a t ionsh ip  ( l / n l )  is apparent from Equation 13. However, as 
shown f o r  t he  independent va r i ab le s  given below, when the  mass of 
the  s t r u c t u r e  compared t o  t h e  appl ied load (loads) P is l a r g e  and 
must be  sca led  then s i m i l i t u d e  is v io l a t ed  when n2 = 1 and model 
and prototype are of t h e  same material, 

The frequency has the  dimensions of T'1 ( r e f e r r i n g  t o  

When modeling wi th  i d e n t i c a l  materials n2 = 1, "3 
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For t h e  independent v a r i a b l e s  from Equation 11 
n L Pm = n1 n P 

2 P  

um = u 
P 

I f  t h e  e x t e r n a l  load  ( loads)  P are s i g n i f i c a n t l y  g r e a t e r  than  
t h e  weight of t h e  beam then s c a l i n g  t h e  model loads  by n12 x 
pro to type  load (and n2 = 1)  then  model and pro to type  can be  of t h e  
same material and f requencies  scale as given. It  is t h e o r e c t i c a l l y  
poss ib l e ,  by examining Equation 1 3  t o  select any frequency r a t i o  
t h a t  appears  convenient.  The n term is t h e  length  f a c t o r  and 1 can be  manipulated r a t h e r  e a s i l y .  Both n and n r e f e r  t o  t h e  
material p r o p e r t i e s  of a modeling substance.  Llanipulations such 
as cen t r i fuges ,  composite materials, a d d i t i o n a l  masses are some 
of t h e  devices  used t o  modify t h e s e  a r b i t r a r y  scale f a c t o r s .  

2 3 

3 . 2 . 4  Free Vibra t ions ,  Beam Not Scaled Geometrically 

By using t h e  t h r e e  a d d i t i o n a l  terms introduced f o r  beams 
not  s c a l e d  geometr ica l ly  and by using t h e  procedure ou t l ined  above 
t h i s  class of problem can a l s o  be  s c a l e d ,  

3.2.5 Forced Vibra t ions ,  Geometrically Scaled B e a m  

For forced v i b r a t i o n s  t h e  dependent quan t i ty  of i n t e r e s t  is  
genera l ly  t h e  amplitude of v ib ra t ion .  Both stress and displacement 
have been d iscussed  and modeling f o r  t hese  q u a n t i t i e s  has  been 
e s t ab l i shed .  Ŵe w i l l  use  t h e  h a t  symbol t o  denote  t h e  fo rc ing  
frequency as cu and tke peak va lue  ( s inuso ida l  e x c i t a t i o n )  of t h e  
fo rc ing  func t ion  as P. Other symbols r e f e r  t o  q u a n t i t i e s  def ined  
i n  Table 3-1. 

A h  

x = f ( P ,  P S I  R, E, u, w, P) 

If dynamic s i m i l i t u d e  is provided then  t h e  dependent v a r i a b l e  x 
can be  nondimensionalized as 

X IT - -  1 2  

To ensure  dynamic s i m i l i t u d e  t h e  independent v a r i a b l e s  when made 
nondimensional t h e  corresponding terms must b e  made numerical ly  
equal .  These v a r i a b l e s  are given by 
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h 
P 

T I = -  
ER2 

Previous ly  developed equa t ions  permit  us  t o  write d i r e c t l y  f o r  t h e  
dependent v a r i a b l e ,  t h e  amplitude of v i b r a t i o n  

For tlie s e v e r a l  independent terms 

2 n  P 'm = "1 2 p 

A -1 112  -112 w = n  m 1 "2 w 
n3 P 

To 
f a c i o r  
of P-. 

scale t h e  ampli tude of t h e  response by,,the l e n g t h  scale 
t h e  model must b e  v i b r a t e d  as given by wm w i t h  a peak f o r c e  

I f  t h e  app l i ed  model load  ( loads)  meets the requirement of 
Pm a#d t h e  weight  of t h e  s t r u c t u r e  is no t  s i g n i f i c a n t  t hen  similar 
materials f o r  model and p ro to type  provide  w e l l  def ined  s c a l i n g .  I f  
however, t h e r e  are no loads, then  TI must b e  s a t i s f i e d  and the term 
p E becomes important .  3 

m 'r11 

3 .2 .6  Fvrced Vibra t ions .  Beam Not Scaled Geometr ical ly  

As discussed  i n  3.2.4, no new techniques o r  terms are requ i r ed ,  
Those r i g i d i t i e s  n o t  au tomat i ca l ly  s a t i s f i e d  by geometric s c a l i n g  
(bending, t o r s i o n ,  and s h e a r )  are s c a l e d  w i t h  the n1 and n2 terms t o  
appropr i a t e  powers as developed by Equations 12a  t o  12c. 

MARNN MAR8ETT;Q CORPORATION 
D E N V E R  D I V I S I O N  



MC R-6 8-8 7 

3 . 3  

used t o  develop s c a l i n g  l a w s  f o r  v i b r a t i o n s  of launch vehicle 
s t r u c t u r e s .  The technique is straj&tfowar$ and reduces t h e  
problem t o  one of ma t r ix  a lgebra .  

I n  p r i n c i p l e ,  a phys ica l  problem w i l l  involve  a f u n c t i o n a l  
r e l a t i o n s h i p  among n v a r i a b l e s  necessary t o  d e s c r i b e  t h e  phenomonon, 
For example 

= f (V1, v2, * # Vn-+ 'n 

o r  equ iva len t ly ,  

Dimensional a n a l y s i s  presupposes t h e  form of Equation 16 t o  b e  
t h a t  of a product  of t h e  p e r t i n e n t  v a r i a b l e s ,  exponentiaFed i n  
accordance w i t h  t h e i r  unknown c o n t r i b u t i o n  t o  t h e  product.  
Theore t i ca l ly ,  t h e r e  are n f u n c t i o n a l  r e l a t i o n s  of t h e  type  shown 
i n  Equat ion15 ( o r 1 6 ) .  However, a l l  n of t h e s e  r e l a t i o n s  w i l l  n o t  
b e  independent as w i l l  b e  shown, Fur ther ,  i f  E q u a t i o n 1 6 i s  
dimensional ly  homogeneous ( t h a t  is, i t  does n o t  depend on t h e  
fundamental u n i t s  of measurement) i t  can b e  reduced t o  a r e l a t i o n  
among a complete se t  of dimensionless  products ,  o r  s c a l i n g  
parameters, IT , 

j 

F(nl, 7 T 2 9  * * * 9 TrN> = 0 

I n  essence,  t h i s  is a s ta tement  of Buckingham's Theorem (Ref 3,5), 
When a fo rce ,  l eng th ,  time system of measurement is used, t h e  s i z e ,  
N, of a complete set  of dimensionless  products  is  equal  t o  t h e  number, 
n, of necessary v a r i a b l e s  minus t h e  number, d, of fundamental dimen- 
s i o n s  (Ref 3 . 6 ) .  Thus, t h e r e  are N independent r e l a t i o n s  of t h e  
form of Equation 16. Equation 1 7  does no t  imply t h a t  t h e  func t iona l  
r e l a t i o n s h i p  is known, b u t  merely t h a t  one e x i s t s .  Ca lcu la t ion  of 
t h e  dimensionless  products ,  TT . , is  accomplished through dimensional 
a n a l y s i s .  
products  must l i e  w i t h i n  t h e  realm of experimentat ion.  Whatever 
t h e  form of Equationl7,  i t  must b e  s a t i s f i e d  by both t h e  model and 
t h e  pro t o  type. 

However, t h e  f u n c d o n a l  r e l a t i o n s h i p ,  F, among t h e s e  

A dimensionless  product  can be  expressed i n  t h e  form 

q i j  n 

7T = ' I v i  , j = 1 9 2 ,  . . . ,  N 
j 

i=l 

MARTIN MARIEWA CORPO 
D E N V E R  D I V I S I O N  



3-15 NCR-6 8-8 7 

A dimensional equat ion  (one expressed i n  terms of fundamental 
dimensions only)  can be  obtained from Equation 18 i f  each v a r i a b l e  
Vi, is expressed i n  terms of i t s  fundamental dim For 
example, i f  t h e  a c c e l e r a t i o n  of g r a v i t y  i s  t h e  n v a r i a b l e ,  
t hen  v * = LTW2 where t h e  * i n d i c a t e s  dimensional i ty .  

s ions .  8 
n 

L e t  

where D is  t h e  kth fundamental dimension. The exponents, qij ,  
can b e  8etermined i f  Equation 15 (or 16) is expressed i n  
product form 

i 
C 

K f i  Vi = 1 
i=l 

where K is some cons tan t .  

This i s  equiva len t  t eh the  j th dimensionless product of Equation 
4 ,  where C i s  t h e  j column of q i i j  

S u b s t i t u t i o n  of Equation 19 i n t o  a dimensional form of 
Equation 20 y i e l d s  

I n  order  f o r  Equa t ion21 to  be  s a t i s f i e d ,  a l l  exponents must 
vanish.  Therefore,  

Equation 22 rep resen t s  d l i n e a r ,  homogeneous equat ions i n  n unknowns. 
For a w e l l  formulated a n a l y s i s  t h e  rank of [ P  ] w i l l  b e  d ,  s o  
t h a t  (n-d) = N independent s o l u t i o n s  e x i s t .  
w i th  t h e  number of dimensionless  products  i n  a complete set  ( see  
Equation 1 7 )  Equation 22 can be solved by s e v e r a l  techniques 
of mat r ix  a lgebra ,  one of which i s  ou t l ined  as follows: 

&is is  c o n s i s t e n t  

1) Remove N columns of [ P ]  by pos t -mul t ip l ica t ion  wi th  an  
(n x d)  t ransformat ion  mat r ix  [ Z  1 ,  forming a (d x d) 
matr ix  [ P  1 1 

1 
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where [ Z  ] must b e  chosen so  as n o t  t o  render  [P ] 
singular!. 
(d x N) ma t r ix  [P21 so that 

1 The remai,ning columns of [PI then  form a 

[P21 = I P l  CZ21 

where [ Z  ] i s  a n  (n x N )  t ransformat ion  mat r ix .  2 

2 )  L e t  [QJ be  an  a r b i t r a r y  (N x N) matr ix  whose columns 
are mutual ly  or thogonal  (such as t h e  (N x N) i d e n t i t y  
ma t r ix ) .  Then [Q]  r ep resen t s  a n  a r b i t r a r y  choice  of t he  
N independent q 's of Equationl8,  forming N l i n e a r l y  
independent vec&s. A matr ix  equat ion analogous t o  
Equation 22 can b e  w r i t t e n  f o r  t h e  exponents of t h e  N 
dimensionless  parameters 

CP1l [ V I  + P 2 1  [ Q I  = 0 

where t h e  v e c t o r s  of [Ul are  t h e  unknown q 's .  
Therefore,  s i n c e  [ P  ] is non-singular,  1 

[ V I  = -[P,I-l  [P21 CQ1. 

i j  

3 )  The exponents of t h e  p e r t i n e n t  phys ica l  v a r i a b l e s ,  Vi, 
can be  determined by assembling t h e  [ V I  and [ Q ]  
matrices according t o  

4 )  With t h e  s o l u t i o n  of Equation 27, a complete set  of N 
d imensionless  s c a l i n g  parameters is determined. 

3.3.1 Example of Sca l ing  Parameter Der iva t ion  

Consider t h e  v i b r a t i o n  of a s lender  beam wi th  bending and 
shea r  s t i f f n e s s .  The f u n c t i o n a l  r e l a t i o n s h i p  between t h e  phys ica l  
v a r i a b l e s  i s  

w = f(m, R,  AG, ET) 
o r  f(m, R, AG, E I ,  w) = 0 

where w = n a t u r a l  frequency, 1 / T  

~ A ~ ~ ~ N  MARIE-A CORPORATION 
D E N V E R  DIVISION 



3 -20 

-: '1 = [: 0-1 ;] 
1 0  

Lo 1 

PKR-68-87 

2 2  m = mass /uni t  l eng th ,  FT /L 

R = l ength ,  L 

AG = shea r  s t i f f n e s s ,  F 

E 1  = bending s t i f f n e s s ,  FL 2 

and 
n = 5 ( p e r t i n e n t  v a r i a b l e s )  

d = 3 (fundamental dimensions) 

N = 2 ( s i z e  of complete set of dimensionless  products) .  

1) The n phys ica l  v a r i a b l e s  can b e  expressed i n  terms of 
t h e  d b a s i c  dimensions (F, L, T) through t h e  (d x n)  
mat r ix  P 

m R  A G E I w  

F 1 0 1 1  
CPl = L T [-; ; ; ; -4 

The (n x d )  m a t r i x  Z1,and t h e  (n x N) matrix Z 
b e  a r b i t r a r i l y  s e l e c t e d  t o  be  

can 2 

[Z1l = 

1 0 0  
0 1 0  
0 0 1  
0 0 0  
0 0 0  [ cz21 = 

c w L O  I] 
0 1  - 

The (d x d)  ma t r ix  P and t h e  (d x N)  matrix P2 are 1 

[P,] = [PIIZ1] = 1 0 1 1 0 
E 2  1 0 2 "1 

2 0 0 0-1 

and 
[P21 = [PICZ,] = 1 0  1 1  0 

2 0 0 0-1 
E. 1 0  2 0 1  
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2)  I f  the (N x N)  matrix Q is de f ined  t o  b e  

IQ1 = b ~1~ 
the (d x N) matrix U i s  

=[: -1 -: 0 I;] 1 0 -1 :] 3 = 

3 )  The exponents are t h e r e f o r e  

[q..I = 
=J 

-1 - 2 
0 0  3 0 0  

+ 

~ 

4 )  The N = 2 dimensionless  s c a l i n g  parameters are 
determined from t h e  vec to r s  of q as follows 

i j 
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IT and 7~ comprise the complete set of dimensionless 
scaling parameters and any other parameter can be 
obtained from them. For example 

1 2 
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Launch veh ic l e s  o r  ce 
as beam s t r u c t u r e s .  The m 
t h e  bending, t o r s i o n a l ,  sh 
is governed by t h e  mass d i s t r i b u t i o n s ,  and t h e  appl ied  loads.  
of t hese  q u a n t i t i e s  can b e  a func t ion  of p o s i t i o n  along t h e  long- 
i t u d i n a l  ax is .  

Each 

Four c l a s s e s  of v i b r a t i o n  problems are considered f o r  dynamic 
sca l ing .  The are i d e n t i f i e d  as: (1) Free v i b r a t i o n s ,  no e x t e r n a l  
loads;  (2) Free v i b r a t i o n s ,  l a r g e  e x t e r n a l  loads;  (3) Forced 
v i b r a t i o n s ,  no e x t e r n a l  loads;  ( 4 )  Forced v i b r a t i o n s  l a r g e  e x t e r n a l  
loads.  Notat ions,  symbols, and a r b i t r a r y  scale f a c t o r s  from Sect ion  
3 are r e t a ined ,  For convenience w e  repea t  t h e  a r b i t r a r y  scale f a c t o r s  
and t h e  r e s u l t i n g  s i m i l i t u d e  requirements f o r  fo rce  (F) ,  l ength  (L),  
and t i m e  (T).  Subscr ip ts  m and p r ep resen t  model and pro to type  
r e spec t ive ly .  

n = -  

E 

E 
n = m  2 -  

P 

m- 

pP 
n3 

A f t e r  manipulating t h e  dimensions of R, E,  and p w e  have f o r  
model requirements i n  terms of prototype dimensions from Equation 1. 

L = n  L 
m 1 P  

(2c) 
-1/2 1 / 2  

*m nl "2 "3 P 

Any of t he  phys ica l  p r o p e r t i e s  of i n t e r e s t  has one o r  more 
of these dinensions r a i s e d  t o  some power, 
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4,l Free Vibrations,  No External  Loads 

It is assumed t h a t  beam r i g i d i t i e s  are rep resen ta t ive  of 
c y l i n d r i c a l  s h e l l s  exh ib i t i ng  beam-like behavior. 
f o r  t he  model must be  i d e n t i c a l  t o  those  f o r  t h e  prototype. 

End condi t ions 

For the  f r e e  v i b r a t i o n  problem t h e  dependent v a r i a b l e  of 
i n t e r e s t  is the  frequency of v i b r a t i o n  of t h e  s e v e r a l  mode shapesr  
Without ex te rna l  loads the frequency can be  shown t o  depend on 
s e v e r a l  independent f a c t o r s  such t h a t  

Frequency w can be w r i t t e n  nondimensionally as 

From which w e  can w r i t e  

-1 112 -1/2w 
"1 n2 "3 P (4) 

For t h i s  r e l a t ionsh ip  t o  be  v a l i d  t h e  following model terms 
must  be sca led  using prese lec ted  values  of nlB n2 and n3@ 

'm'm = n 4 n  1 
2 E p I p 

GmJm = n 4 n  1 
2 G p J p 

k A G  = n 1 2 n  k A G  
m m m  2 P P P  

The most d i f f i c u l t  modeling requirement t o  meet is given i n  
Equation 5a,  For gm = g , both model and prototype i n  t h e  same 
gravi ty  f i e l d ,  t h e  mass 8ens i ty  r a t i o  requirement is shown i n  
Fig, 4.1, The th ree  l i n e s  show the  e f f e c t  of changing modulus, 
The upper l i n e  is a model material twice as s t i f f  as t h e  prototype,  
t he  middle l i n e  is the  same modulus f o r  model and prototype and 
the  lower l i n e  is a model material 1 / 2  as s t i f f  as t h e  prototype,  
As the  model becomes r e l a t i v e l y  smaller t h e  model material must 
become increas ingly  more dense. 
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Fig,  4.1 Model Density Requirements as a 

= gP 
Function S c a l e  Fac tor  f o r  gm 

By so lv ing  f o r  nl i n  Equation 5a and s u b s t i t u t i n g  i n  Equation 4 
t h e  model frequency becomes 

( 6 )  gm ' w = n n -1 2 g *m "2 n3 - 
% gP 

f o r  n P, 1 2 3  

I f  model and pro to type  are made of t h e  same material and 
t e s t e d  i n  t h e  same g f i e l d ,  Equation 6 g ives  wm = w ; however, 
from Equation 4 f o r  t h e  same material P 

-1 
w = n  W .  

m 1 P  

To s a t i s f y  both requirements,  i t  is apparent  t h a t  n = 1 and t h e  
model becomes exac t ly  t h e  same as t h e  pro to type ,  1 

For s t r u c t u r e s  ca r ry ing  no e x t e r n a l  loads  o r  small e x t e r n a l  
loads ,  one of t h e  means of providing a d i f f e r e n t  g environment 
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( f o r  n1 < 
prototype 
frequency 

i f  

1 g > g ) is t h e  use of a cent r i fuge ,  Model and 
chn ?hen %e modeled of t h e  same material and the  
r e l a t i o n ,  

-1 w can b e  used "m nl p 

Another means of achieving t h e  proper mass e f f e c t  is t o  a t t ach  t o  
the  model add i t iona l  material and not we c e n t r i f u g a l  force ,  
Added material must not  provide r i g i d i t i e s  t h a t  are not  sca led  
o r  accounted for .  

When t r ansve r se  bending modes are being s tudied ,  then Equation 
5b def ines  t h a t  r i g i d i t y  requirement f o r  t h e  model, Torsional  
v ib ra t ions  r equ i r e  the  model condi t ion given i n  Equation 5c, 
l a rge  deformations are expected, o r  i f  t h e  s t r u c t u r e  is s h o r t  with 
respec t  t o  i ts  depth, Equation 5d must be  s a t i s f i e d  f o r  t he  model 
t o  provide accurate dynamic response, 

I f  

Free lateral v ib ra t ions  of beams can be  found from the  p a r t i a l  
d i f f e r e n t i a l  equations of t h e  form 

Consideration of boundary condi t ions provides so lu t ions  f o r  
the  response of a p a r t i c u l a r  system, 
provides t h e  proper moment of i n e r t i a  (I) and is accounted f o r  
by t h e  scale f a c t o r  nl0 Material p rope r t i e s  of t he  beam are 
included i n  the  modulus term E, and sca led  by t h e  f a c t o r  n2, 
Another property of t h e  system is t h e  u n i t  m a s s  densi ty  p and 
is included i n  t h e  a r b i t r a r y  scale f a c t o r  n . A term t h a t  is not 
a r b i t r a r y  is the  g rav i ty  constant  g o  The ogher two terms of 
Equation 7 are p a r t i a l  de r iva t ives  of t h e  &ynamic displacement x, 
four th  order  i n  t h e  length  d i r ec t ion ,  second order  i n  t i m e ,  and 
are included i n  t h e  modeling l a w s .  

Exact geometric s ca l ing  

4 * 2  

For many of t h e  practical cases t h e  mass of the  s t r u c t u r e  is  
small compared t o  o the r  loads imposed on t h a t  s t r u c t u r e .  These 
may come s e v e r a l  sources  such as payload, propel lan ts ,  winds, 
mov t ugh t h e  atmosphere, con t ro l  forces ,  t r a j e c t o r y  
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p r o f i l e s ,  and o t h e r s ,  The imposed moments, shea r s ,  to rques  and 
a x i a l  loads  must b e  proper ly  s c a l e d  f o r  r e l i a b l e  model representa-  
t i o n  of l a r g e  scale launch veh ic l e s .  

Continuing i n  t h e  manner previously e s t ab l i shed ,  t h e  frequency 
of a beam-like s t r u c t u r e  w i t h  a r e l a t i v e l y  small beam mass is a 
func t ion  of t h e  fol lowing e x t e r n a l  loads  and beam p r o p e r t i e s .  

The r e l a t i o n s h i p  f o r  model and pro to type  frequency is 

-1 1 / 2  -1/2 
"1 "2 n3 P 

Model requirements f o r  t h e  independent terms are 

'm = n 2 n p  1 2 p  

M = n 3n M m 1 2 p  
-1 

'mgm = "1 n2Ppgp 

E I  = n 4 n ~ 1  

G J  = n 4 n ~ ~  

m m  1 2 p p  

m n  1 2 p p  

m m m  1 2 p p p  k A G  = n 2 n k A G  

(4) 

The two v i b r a t i o n  problems of one system wi th  no e x t e r n a l  
v i b r a t i n g  loads  and anotner  w i th  l a r g e  e x t e r n a l  loads is  analogous 
t o  comparing a v i b r a t i n g  s p r i n g  where i n  one case the  s p r i n g  only 
v i b r a t e s  and t h e  second case when t h e  s p r i n g  suppor ts  a l a r g e  
v i b r a t i n g  mass, I n  t h e  f i r s t  i n s t a n c e  t h e  i n e r t i a l  f o r c e s  come 
from t h e  v i b r a t i n g  s p r i n g  and are important because they are t h e  
only i n e r t i a l  f o r c e s ,  I n  t h e  second case when t h e  mass i s  l a r g e  
compared to  t h e  s p r i n g  mass t h e  predominant i n e r t i a l  f o r c e  is t h a t  
of t h e  massr Sca l ing  f o r  t h i s  kind of load is accomplished using 
t h e  s i m i l i t u d e  requirement of Equation 5a. B e a m  mass i f  s u f f i c i e n t l y  
s m a l l  is neglected and t h e  supported mass o s c i l l a t i n g  i n  t h e  same as 
the  beam is sca l ed  dynamically, 

Transverse v i b r a t i o n s  are modified by a x i a l  loads  on beams, 
' A loaded launch v e h i c l e  on t h e  s t and  o r  a n  a c c e l e r a t i n g  v e h i c l e  
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undergoes a x i a l  loading, and t h e  magnitude of t h e  load changes 
the  frequency of v ibra t ion .  Scaling t h i s  load is accomplished 
using Equation 9a. 
s c a l e  f a c t o r  t i m e s  t h e  modulus r a t i o  times t h e  prototype load, 

The model fo rce  is t h e  square of t h e  length 

Another source of a x i a l  load, ac t ing  as a p res t r e s s ,  e x i s t s  
when launch vehic le  tanks are pressurized. 
frequencies increase  when longi tudina l  tens ion  is applied t o  a 
beam and decrease when t h e  beam is compressed, 
load from tensile p r e s t r e s s  (pressure times cross  s e c t i o n a l  area) 
is sca led  through t h e  f o r c e  term i n  Equation 9a, 

Lateral v i b r a t i o n a l  

The t e n s i l e  

Shear loads, applied t ransverse ly  t o  t h e  a x i s  of t h e  beam, 
are sca led  by t h e  same f a c t o r s  w e d  f o r  axial loads,  
expresses t h e  s i m i l i t u d e  requirements f o r  shearing forces ,  

Equation 9a  

Moments and torques are scaled by Equation 9b, t he  moment 
is  applied i n  a plane containing t h e  beam a x i s ,  and t h e  torque 
i n  a plane normal t o  t h e  ax is .  Whereas t h e  fo rce  scale f a c t o r  
f o r  t h e  model is  modified by the  square of t h e  length r a t i o  t h e  
moment and/or torque on the  model is a function of t h e  length 
f ac to r  cubed t i m e s  t h e  modulus r a t i o .  

Lateral v ib ra t ions  are r e s i s t e d  by the  s t i f f n e s s  t e r m  E I ,  
sca led  i n  Equation 5b. I f  t h i s  quant i ty  is sca led  and i f  t h e  
forces and masses t h a t  in f luence  t h e  response are properly sca led  
the  f r e e  v ib ra t ions  of t h e  prototype s t r u c t u r e s  can be  found from 
t h e  model from Equation 4 ,  
G J  term provides t h e  s t r u c t u r a l  r e s i s t ance  t o  t o r s i o n a l  v ib ra t ions ,  
and the  same frequency equation app l i e s ,  

Torsional s t i f f n e s s  supplied by t h e  

When the  model is an  exact r e p l i c a  of t h e  prototype and made 
of t he  same material, s t i f f n e s s e s  E I ,  GJ, and kAG w i l l  be numerically 
co r rec t  and n 
w i l l  b e  s ca l e2  by nf ,  moment and torque by n 

4.3 Forced Vibrations, No External Loads 

Beam s t r u c t u r e s  not carrying masses, not subjected t o  a x i a l  

and n3 w i l l  be equal t o  unity.  Force q u a n t i t i e s  
and i n e r t i a l  loads by n1-l. 1 

loads, and being excited by t i m e  dependent forces  can be  dynamically 
modeled. Frequency becomes an independent va r i ab le ,  and is 
sca led  according t o  t h e  previously es tab l i shed  s i m i l i t u d e  require- 
ments, Additionally, t h e  maximum values of t he  exc i t i ng  fo rce  
applied t o  the  model must  be modeled assuming t h e  prototype fo rce  
is r e p e t i t i v e  and of some known magnitude. 
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For t h e  beam only t h e  va r i ab le s  important to  its response 
under forced v i b r a t i o n s  with amplitude o r  t h e  dependent va r i ab le s  
can be  given i n  t h e  form 

The h a t  supe r sc r ip t  over w and P des igna te  t h e  frequency of t h e  
forc ing  func t ion  and t h e  maximum value  of t h e  force,  Any per iodic ,  
aper iodic ,  varying amplitude, o r  t r a n s i e n t  forc ing  system can be  
modeled i f  each of t h e  frequency and load components of t h e  complex 
system are sca l ed  individualLy then combined and appl ied simultan- 
eously t o  t h e  model. 

When complete s i m i l i t u d e  is achieved, t he  r e l a t i o n s h i p  between 
t h e  response of the  model and prototype is  given by 

Every component of t h e  frequency spectrum of t h e  forc ing  
funct ion imposed on t h e  model is given by 

-1 112 -1 /2  I; A 

n2 "3 P' 
w = n  m 1  

and the  corresponding fo rce  appl ied t o  t h e  model when sca l ed  
dynamically becomes 

A A 

= n 2 n  P 'm 1 2 p  

The pmg term f o r  unloaded s t r u c t u r e s  is given by Equation 5a 
and a p p l i e s  ?o t he  forced v i b r a t i o n  problem wi th  t h e  same d i scu  
found f o r  t h e  f r e e  v i b r a t i o n  problem with t h e  same d iscuss ion  
found f o r  the  f r e e  v ibra t ions .  Remaining va r i ab le s  i n  Equation 9 
are again sca led  as r i g i d i t y  terms given by Equations Sa, 5b, a 
5c. 

4.4 Forced Vibrat ions,  With External  Loads 

External  loads,  not  p a r t  of t h e  forc ing  funct ion,  on a 
v ib ra t ing  s t r u c t u r e  are of two kinds; cons tan t  with t i m e ,  a c t ing  
as a prestress; and i n e r t i a l  loads varying as mass t i m e s  
acce le ra t ion .  Prestress loads e x i s t  as pressures ,  o r  dead loads 
o r  acce le ra t ion  loads and remain constant  o r  vary slowly with 
rime. I n e r t i a l  loads can b e  varying because of changing ve loc i ty  
(acce lera t ion)  o r  changing mass ( a s  a rocket)  o r  both. 
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The terms f o r  forced v ib ra t ions  of beams car ry ing  ex te rna l  
loads are given by 

A h  

x = f(W, P, P, M, pg, R, E, E 1 9  GJ, kAG) 

Each of these  terms has been previously sca led  and no new s i m i l i t u d e  
requirements are needed, However, f o r  launch vehic les  t he  ex te rna l  
load P ac t ing  as a p r e s t r e s s  e i t h e r  constant  i n  t i m e  o r  varying t i m e  
can b e  examined i n  g r e a t e r  d e t a i l .  
Newton's second l a w  of motion so t h a t  

The d e f i n i t i o n  of P comes from 

To he lp  e s t a b l i s h  the  dimensionality of t hese  terms, w e  t ake  each of 
them indiv idua l ly  t o  show using b a s i c  MLT dimensions, 

and obviously a f t e r  simple manipulation w e  have 

Therefore p is u n i t  mass dens i ty  of a given volume V,  v is ve loc i ty ,  
and the  product of pVv is changing with t i m e ,  For dynamic s i m i -  
l i t u d e  from Equation 9a 

P m = n 2 n  1 2 p  P 

giving f o r  t h e  r i g h t  hand s i d e  of Equation 14 

The t i m e  rate of change obmomentum for  t h e  prototype must  follow 
Equation 15, I f  t he  mass remains constant  then 

and 
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dv 

"1 "2 'pVp d t  
dvm 2 3 

P 
v - 3  Pm m d tm 

And i f  w e  des igna te  - dv as a c c e l e r a t i o n  a,  then  from Equation 16 d t  

2 2 = n1 2 n2 n3 -1 nl -3 
V 

V 

a 
- - n  n 
a 2 p m  m 

m 

P 

o r  by combining terms t h e  a c c e l e r a t i o n  r a t i o  becomes 

a 
- = n  a 

m -1 -1 

P 
1 n2 n3 

This  is  an  expected r e s u l t  when cons ider ing  j u s t  t h e  v i b r a t i n g  
beam. From Equation 5a 

Trea t ing  t h e  g terms as a c c e l e r a t i o n  terms and d iv id ing  by Pm 
t h e  r e s u l t s  of Equation 1 7  are r e a d i l y  found from Equation 5a 
above, 

cons tan t ,  & then Equation 15 becomes 
I f ,  however, t h e  mass term is varying and t h e  v e l o c i t y  remains 

d t  

(18) 
d 2 d 

"2 vp d t  - (PPVP) 
P 

'ptnvm' = "1 v -  m d tm 

This  desc r ibes  t h e  modeling f o r  a system l o s i n g  mass whi l e  
main t in ing  a cons tan t  v e l o c i t y ,  and f o r  launch veh ic l e s  t h i s  does 
not  have much a p p l i c a t i o n ,  

Host u s e f u l  form of t h e  equat ion  f o r  e x t e r n a l  f o r c e s  on a 
rocket  due t o  change of momentum is  given by Equation 15 and t h e  
modeling laws can be  appl ied  t o  i t  i n  many forms, 

4.5 Loads From Fluids  

From t h e  s tudy  of f l u i d  mechanics w e  o b t a i n  a list of v a r i a b l e s  
desc r ib ing  t h e  phys ica l  q u a n t i t i e s  of  gases .  Not cons ider ing ,  a t  
t h i s  t i m e ,  temperature  e f f e c t s  t h e  several v a r i a b l e s  are l i s t e d  i n  
Table  4.1 using t h e  engineer ing u n i t s  and b a s i c  u n i t s .  
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Table  4.1 Quantit ies and Dimensions f o r  F lu ids  

Quant i ty  

Force 

Length 

Veloci ty  

Unit  Mass Density 

Dynamic Coef f i c i en t  of 

Acce lera t ion  of Gravi ty  

Speed of Sound 

Surface  Tension 

v i s c o s i t y  

Engineering 
Units 

F 
L 

LT-' 

FL02T 

L T - ~  

LT-' 

FL-' 

FLo4T2 

Basic 
Uni t s  

MLT02 

L T - ~  

MLo3 

L T - ~  

LT-' 

HT'2 

L 

Nondimensional numbers have been c rea t ed  by combining t h e  
q u a n t i t i e s  i n  Table 4.1, S imi l i t ude  is achieved when t h e  non- 
dimensional number has  t h e  same numerical v a l u e  f o r  t h e  model 
and t h e  pro to type ,  See Ref, 3.6 f o r  f u r t h e r  d i scuss ion ,  

For f l u i d  s imula t ion  where v i s c o s i t y  is important  t h e  
Reynolds' Number is s c a l e d  so t h a t  

Any combination of model v e l o c i t y ,  l eng th  f l u i d  d e n s i t y  and 
kinematic v i s c o s i t y  t h a t  produces t h e  same va lue  as t h e  pro to type  
quan t i ty  s a t i s f i e s  t h i s  s c a l i n g  requirement. 

To scale t h e  r e s u l t i n g  f o r c e s  from f l u i d  flow such as drag  
f o r c e  t h e  p re s su re  c o e f f i c i e n t  relates f o r c e  P to  d e n s i t y ,  v e l o c i t y  
and l eng th  so t h a t  

P 
m P L  

P 

p v 2 R 2  
pinv, 'lrn P P  P 

Drag f o r c e s  can b e  sepa ra t ed  i n t o  two components, one due t o  
v i s c o s i t y  (Keynolds' Number) and t h e  o t h e r  due t o  g rav i ty .  To 

*Kat t o  be confused wi th  stress i n  Table  3.1. 
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scale f o r  g rav i ty  t h e  Froude Number r equ i r e s  t h a t  

2 
V 

2 
V 
A=& 
Rmgm %gP 

When considering the  e f f e c t s  of ve loc i ty  i n  t h e  sonic  region o r  
supersonic  regime t h e  Mach Number is given by 

1 V 

C C 

m 

m P 
- =  

For those f l u i d s  o r  s c a l i n g  s i t u a t i o n s  where s u r f a c e  t ens ion  
e f f e c t s  are important then Weber's Number def ines  a s i m i l i t u d e  
requirement, To s a t i s f y  t h i s  requirement 

n 
L 

pmvm 'm 
Q 

P 

Although a r b i t r a r y  scale f a c t o r s  such as Rm/k have not  
been defined for t h i s  s e c t i o n  they can b e  appl ied f n  t h e  same 
manner as f o r  s t r u c t u r e s ,  Some of t he  forces  P were not  d e f i n  
i n  t h e  previous sec t ions .  I n  a launch v e h i c l e  t hese  loads can 
come from many sources.  
between a s t r u c t u r e  and a f l u i d  then consider ing t h e  t h r e e  b a s i c  
dimensions of mass, length  and t i m e  and by cons i s t en t ly  modeling 
so t h a t  an a r b i t r a r y  b u t  unique r e l a t i o n  e x i s t s  

When they occur as a r e s u l t  of ac t ions  

a b c L  
1 n2 "3 p Lm = n 

d e f M  
"2 n3 p PIm = nl 

and applying it t o  all physical  q u a n t i t i e s  t h e  model w i l l  g ive  
information regarding the prototype,  

4 . 6  

When t h e  temperature, o r  t h e  quant i ty  of hea t ,  becomes a 
considerat ion f o r  a prototype s t r u c t u r e  then o the r  modeling l a w s  
and dimensions are necessary. The mechanical equivalent  of hea t  
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and energy e s t ab l i shes  t h a t  a quant i ty  of heat  has t h e  dimensions 
of work FL i n  engineering u n i t s  and ML2T02 i n  b a s i c  un i t s .  
Another dimension, temperature 8, and o ther  de f in i t i ons  are 
introduced t o  express these  physical quan t i t i e s ,  These are 
given i n  Table 4 , 2 

Table 4.2 Quant i t ies  and Dimensions 
of Thermal Quantit ies 

Heat Transfer Coefficient 

Coefficient of Thermal 
Conduction 

Spec i f ic  Heat 

Engineering 
Units 

8 
h 

k* 

C 

B 

8 
-1 -1 -1 FL T 8 

FT-'~-' 

2 -2 -1 L T  8 
-1 

8 

8 

MT'38'1 

MLTo3Og1 

2 -2 -1 
L T  8 

Several  s ca l ing  numbers have become associated with hea t  
By using terms i d e n t i f i e d  i n  Table 4.1 i n  t r a n s f e r  i n  gases, 

combination with the  thermal q u a n t i t i e s  i n  Table 4.2 w e  have 
from Ref. 3.6 

3 2  
Grashof's Number = ,BBg ' ? 

P 2  

Nusselt*s Number - (24) k 

Praudt l ' s  Number = a (25) k 

kf3 No N a m e  I -  

pv3 11 

Another dimension, temperature 8, i s  introduced and is 
t r ea t ed  t h e  same as length ,  mass, o r  t i m e ,  
sca l ing  es tab l i shed  f o r  mechanical systems is simply extended from 
three  dimensions t o  four dimensions, 

The technique of 

*k not t o  be confused wi th  form f a c t o r  k of kAG. 
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4.7 Nonlinear Ef fec ts  of S t ruc tures  

Materials t h a t  are used t o  construct real s t r u c t u r e s  and 
model s t r u c t u r e s  can and do exh ib i t  nonlinear behaviors, Some of 
t h e  non l inea r i t i e s  are exhibited by elastic and p l a s t i c  behavior, 
strain-rate s e n s i t i t i v i t y ,  damping c h a r a c t e r i s t i c s ,  and o ther  
phenomena observable on a macroscopic scale o r  i n  a microscopic 
snese. 
least dimension of a s t r u c t u r e ,  when frequencies are low, and 
when thermal e f f e c t s  are negl ig ib le ,  t he  non l inea r i t i e s  are not 
important, 

Generally when displacements are small compared t o  t h e  

For those cases where non l inea r i t i e s  are important s ca l ing  
is still poss ib le  i f  t he  nondimenaionalized response of t h e  
materials used f o r  model and prototype can be p lo t t ed  as t h e  
same curve, 
curves f o r  model and prototype are t h e  same curves,  then t h e  
de f l ec t ions  of t h e  model w i l l  s c a l e  as t h e  length s c a l e  r a t i o ,  
t he  forces  w i l l  be changed by the  length s c a l e  r a t i o  squared, and 
the  moments w i l l  be a f f ec t ed  as t h e  length s c a l e  cubed. 

For example, when the  nondimensional stress s t r a i n  

The most important aspect of s ca l ing  is t h a t  a physical 
phenomena is not dependent on t h e  numerical magnitude used t o  
descr ibe  i t ,  
relate model and prototype are t h e  same physical laws and are not 
a f fec ted  by s i z e  o r  dimension, a l l  important physical  quan t i t i e s  
being considered, 

Physical l a w s  when considered nondimensionally t o  
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5, SCALING OF SHELL STRUCTURES 

5-1 

She l l s  used f o r  launch veh ic l e  s t r u c t u r e s  may b e  monocoque 
cons t ruc t ion  of i s o t r o p i c  materials, o r tho t rop ic  cons t ruc t ion  of 
i s o t r o p i c  materials, o r tho t rop ic  cons t ruc t ion  of composite 
materials, o r  an i so t rop ic  cons t ruc t ion  of composite materials, 
Scal ing f o r  s h e l l  s t r u c t u r e s  w i l l  b e  l imi t ed  t o  i s o t r o p i c  materials, 
e.g, aluminum, t i tanium, magnesium and e i t h e r  monocoque (no 
s t i f f e n i n g )  o r  o r tho t rop ic  ( s t i f f e n e r s ,  r i ngs )  construct ion.  
Composite material o r  sandwich cons t ruc t ion  w i l l  not  be  considered 
although t h e  s c a l i n g  requirements are based on t h e  same p r inc ip l e s  
used f o r  i s o t r o p i c  materials. 

S h e l l  theory assumes t h e  s h e l l  material t o  be an  a r t i f i c i a l  
substance with th ree  moduli having i n f i n i t e  values and two 
Poisson r a t i o s  equal t o  zero,  Using t h e  coordinate  system i n  
Fig.  5.1 the  s e v e r a l  assumptions are given i n  Equation 1. 

- . . Plane Tangent t o  S h e l l  a t  - _  
Reference Surf ace + -' 

F i g ,  5.1 Coordinate System f o r  S h e l l  Material 

Using the  d i r e c t i o n s  i d e n t i f i e d  i n  Fig, 5.1, t he  Hooke's 
l a w  f o r  s h e l l  materials takes  t h e  form 

all = E E + E2v21~2 1 1  

= E v E + E 2 ~ 2  O22 1 1 2  1 

a - 0  33 
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T = o  31 

T12 = G12Y12 

This form of Hooke's l a w  arises from t h e  assumptions t h a t  

These assumed values occur from t h e  several hypothesis made 
regarding s h e l l  behavior such as normals remaining normal, no 
changes i n  s h e l l  w a l l  thickness,  small displacements, and t h i n  
s h e l l s  e 

Although no material e x i s t s  f o r  which these  assumptions 
are v a l i d  most materials used f o r  s h e l l  cons t ruc t ion  approximate, 
s u f f i c i e n t l y  c lose ly ,  t h i s  behavior, Model material f o r  model 
s h e l l s  made of materials o ther  than used f o r  t h e  prototype may 
not be s a t i s f a c t o r y  i f  t h e i r  p rope r t i e s  are too d i f f e r e n t  when 
compared t o  these  assumptions, 
a beam with a hollow c i r c u l a r  c ross  sec t ion ,  t hese  considerations 
are unnecessary, 
required f o r  t r a c t a b l e  a n a l y t i c a l  so lu t ions .  Comparisons between 
experiment and theory are v a l i d  when both t h e  test and the  
ana lys i s  use the  same r u l e s  f o r  material behavior. 

When approximating t h e  s h e l l  as 

When studying s h e l l  behavior these  assumptions are 

5.1 Monocoque She l l s  

Wnamic sca l ing  requi res  consideration of t h e  th ree  bas i c  
q u a n t i t i e s  of physical  systems, mass, length,  and t i m e ,  These 
may be  converted t o  t h e  engineering u n i t s  of force ,  length,  and 
t i m e .  From previous developments (See Chapter 3 )  t h e  t h r e e  
a r b i t r a r y  scale f a c t o r s  w i l l  b e  chosen as 

2 m n 5 -  
RP 
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Em 
E -  

P 
n2 E 

5-3 

From Equation 3 t h e  engineering u n i t s  of length (L),  fo rce  (F), 
and t i m e  (T) are modeled by using 

= n 2 n  F Fm 1 2 p  

Free v ib ra t ions  of s h e l l s  are associated with a c i r c u l a r  
frequency w, t he  dependent variable.  S h e l l  p rope r t i e s ,  material 
proper t ies ,  and ex te rna l  loads are independent va r i ab le s ,  Symbols 
and dimensions f o r  these  q u a n t i t i e s  are given i n  Table 3.1, 
func t iona l  r e l a t ionsh ip  can be w r i t t e n  such t h a t  

A 

A set  of IT terms f o r  these  va r i ab le s  can be es tab l i shed  as 
shown below, 
independent va r i ab le s  follow from n2 on, 

The dependent va r i ab le  w is given by nl and t h e  

For the  independent f a c t o r s  from Equation 5 and r e c a l l i n g  
t h a t  11, E,  and p have been chosen t o  def ine  a r b i t r a r y  scale 
f a c t o r s  given by Equations 3 t h e  remaining terms are 

R 
2 1 1  

h I T = -  3 R  

I T = -  
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Simi l i tude  requirements for  Equations 7 t o  provide t h e  
equal i ty  of model and prototype 7~ terms can be  expressed as 

'2m ' 2P 

* * * 
a 

a 0 

From the  dimesnions of Table 3.1 and t h e  r e l a t i o n s  expressed 
i n  Equations 4 t he  model dimensions become from Equations 7a and 
7b 

h = n  h 
m 1 P  

Model material proper t ies  and gravi ty  requirements a r e  found 
from Equations 7c and 7d 
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vm - v P 

A 

Bending r i g i d i t y  D and ex tens iona l  r i g i d i t y  K are s c a l e d  
as fol lows 

Ex te rna l  loads ,  moments, and p res su res  and i n t e r n a l  loads ,  moments, 
and pressures  are sca l ed  f o r  t h e  model from corresponding pro to type  
q u a n t i t i e s  by 

'm LI "1 2 n  2 P p 

Equations 9a  t o  9 i  provide a working set of model requirements 
t o  f i n d  t h e  dynamic response of a s h e l l  s t r u c t u r e ,  
model th ickness  is  sca l ed ,  then Equations 9 e  and 9f are s a t i s f i e d  
when modeling wi th  similar materials, I f  t h e  s t r u c t u r e  is unloaded 
o r  l i g h t l y  loaded, i ts mass becomes important and r4 (Eq. 9c)  
must be  considered. Masses o t h e r  than  t h e  s t r u c t u r a l  mass t h a t  
respond as t h e  b a s i c  s t r u c t u r e  responds must a l s o  be  s c a l e d  by 
making T~~ * r + 

made c o r r e c t  f o r  t h e  model by cons ider ing  t h e  modeling requirements 
imposed by Equations 9g ,  9h and 91. 

I f  Equation 9b 

4P 
Applied loads ,  shea r s ,  moments, to rques  and p res su res  are 

Non l inea r i t i e s  known t o  e x i s t  i n  t h e  p ro to type  can b e  s c a l e d  
i n t o  t h e  model i f  t h e  corresponding curves desc r ib ing  t h e s e  non- 
l i n e a r i t i e s ,  when drawn nondimensionally, are t h e  same curver  An 
example of t h i s  is t h e  e l a s t i c - p l a s t i c  behavior  shown by t h e  
s t r e s s - s t r a i n  curve of a pro to type  material. I f  t h e  nondimensional 
s t r e s s - s t r a i n  curves  f o r  t h e  modeling material and pro to type  
material are t h e  same curve then  t h e  model w i l l  respond i n  a sca l ed  
manner and w i l l  provide information about pro to type  response.  
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From IT of Equation 6 t h e  dependent v a r i a b l e  of interest 
becomes f o r  t h e  model a frequency r e a l t e d  t o  t h e  pro to type  by 1 

-1 ' 1 / 2  -1/2 
3 P 

0 - n  n m 1 2  

For models made of t h e  same material as t h e  f u l l  scale 
s t r u c t u r e  (n2 = n3 - 1) t h e  frequency r e l a t i o n  is 

-1 
W = "1 p 

For d i s s i m i l a r  materials t h e  terms n 
dens i ty  a f f e c t  t h e  model response,  
t h e  important  modeling requirements ou t l ined  by Equation 9 are 
f u l f i l l e d .  

and n3 f o r  modulus and mass 
i q u a t i o n  10 a p p l i e s  only i f  

5.2 S t i f f e n e d  S h e l l s  

Many launch v e h i c l e s  are made of s t i f f e n e d  s h e l l s  w i th  
s t r i n g e r s  running l o n g i t u d i n a l l y  . Combinations of r i n g s  and 
s t r i n g e r s  are a l s o  used and i n  some cases r i n g s  a lone  may b e  
used. Frequency response given by Equation 10 a p p l i e s  t o  t h e  
s t i f f e n e d  s h e l l  when a l l  IT terms are sca l ed  by Equation 9 ,  
replica modeling t h e  r i g i d i t y  terms K and D are proper ly  sca l ed .  

For 

When r e p l i c a  modeling is no t  used, ex tens iona l  and bending 
r i g i d i t i e s  can be  sca l ed .  Expressions f o r  t h e s e  r i g i d i t i e s  f o r  
s t i f f e n e d  s h e l l s  are given i n  Table  5. When made nondimensional 
by n6 and IT 
are s c a l e d a 7  Other v a r i a b l e s  must a l s o  b e  s c a l e d  as requi red ,  

and made equal  f o r  model and pro to type ,  then  s t i f f n e s s e s  

I n  Table  5.1 s u b s c r i p t s  x and Cp r e f e r  t o  a x i a l  and circum- 
f e r e n t i a l  d i r e c t i o n s  r e spec t ive ly .  Spacing of s t i f f e n i n g  
members is given by b 
measured c i r cumfe ren t i a l ly  . 
of g r a v i t y  from t h e  r e fe rence  s u r f a c e  (given by R) is given as 
dimension C. A l l  o t h e r  terms are as def ined  i n  Table  3.1, 

measured i n  t h e  axial  d i r e c t i o n  and b2 
Distance of t h e  s t i f f e n e r  c e n t e r  
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6. SCALING OF LIQUID PROPELLANTS 

The dynamic behavior  of launch v e h i c l e  l i q u i d  p r o p e l l a n t s  
is of cons ide rab le  i n t e r e s t .  A t  l i f t - o f f  t h e  p rope l l an t s  may 
comprise as much as 90% of t h e  v e h i c l e  m a s s .  The f r e e  s u r f a c e  
of t h e s e  p rope l l an t s  has  a s t r o n g  tendency t o  undergo l a r g e  
ampli tude motion due t o  e x c i t a t i o n s  caused by t h e  f l i g h t  environ- 
ment. 
may c o n t r i b u t e  t o  t h e s e  motions,  

Lateral a c c e l e r a t i o n s  a r i s i n g  from c o n t r o l  s u r f a c e  d e f l e c t i o n s  

With t h e  development of l a r g e  launch veh ic l e s  i t  has  become 
d i f f i c u l t  t o  pro.vide adequate  s e p a r a t i o n  of s l o s h  f requencies ,  con t ro l  
system f requencies  and v e h i c l e  elastic frequencies .  Knowledge of t h e  
dynamic s l o s h  c h a r a c t e r i s t i c s ,  inc luding  t h e  coupled s l o s h - s t r u c t u r a l  
c h a r a c t e r i s t i c s  (e.g., t h e  w e l l  known POGO phenomonon) is of v i t a l  
importance t o  loads  and s t a b i l i t y  s t u d i e s .  An e x c e l l e n t  t reatment  
of t h e  dynamic behavior  of l i q u i d s  i n  moving con ta ine r s  can be 
found i n  Reference 6.1. 

Scale models can be  used t o  study la teral  s losh ing ,  coupled 
e l a s t i c - l i q u i d  o s c i l l a t i o n s .  v i s c o s i t y  e f f e c t s ,  compress ib i l i t y  e f f e c t s ,  
c a v i t a t i o n a l  and s u r f a c e  t ens ion  e f f e c t s .  Typical ly ,  any model i s  
designed f o r  t h e  s imula t ion  of some (but no t  a l l )  of these phenomena. 

A gene ra l  dimensional a n a l y s i s  of l i q u i d  s lo sh ing  phenomenon is 
developed (Sec t ion  6.1) f o r  r i g i d  and elastic tanks.  Spec ia l  l i m i t a -  
t i o n s  on s e v e r a l  types of dynamic s imula t ion  of l i q u i d s  are  e s t ab l i shed  
(Sec t ion  6.2) and t h e  r e s u l t s  are presented i n  g raph ica l  form, These 
graphs may b e  used by t h e  a n a l y s t  t o  e s t a b l i s h  t h e  o v e r a l l  s imula t ion  
l i m i t a t i o n s  i f  two o r  more l i q u i d  e f f e c t s  are considered s imultaneously.  
The r e s u l t s  of Sec t ion  6.2 are a n  ex tens ion  of t h e  r e s u l t s  of Reference 
6.1. 

6 . 1  Simulat ion of Lateral P rope l l an t  S losh ing  

The i n v e s t i g a t i o n  of t h e  s lo sh ing  motions of l i q u i d  p rope l l an t s  
i n  p a r t i a l l y  f i l l e d  tanks i s  of importance t o  a complete dynamic a n a l y s i s .  
I f  t he  s l o s h  frequency is cons iderably  below t h e  fundamental s t r u c t u r a l  
frequency, s l o s h  modes w i l l  couple  wi th  t h e  f l i g h t  c o n t r o l  system and 
may produce i n s t a b i l i t y .  Slosh f requencies  approximately equal  t o  
s t r u c t u r a l  f requencies  may cause cons iderable  e l a s t i c - s l o s h  coupl ing.  
Correc t  s imula t ion  o t  t h e s e  coupled modes is e s s e n t i a l  t o  accu ra t e  
loads  and s t a b i l i t y  s t u d i e s .  

Slosh modes can b e  suppressed t o  s o m e  ex ten t  thraugh t h e  use  of 
mechanical devices  (e.g. ,  b a f f l e s  as d iscussed  i n  Ref 6 . 2 ) .  It is  
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important t o  eva lua te  these devices through ana lys i s  o r  test. A 
mathematical approach is  o f t e n  not  f e a s i b l e  due t o  the  complexity of 
t he  boundary condi t ions introduced by the  suppressing devices.  However, 
t h e  inves t iga t ion  of t h e  problem through the  use  of s u i t a b l y  designed 
model experiments (Ref 6.3 and 6.4) is feas ib l e .  

Simulation of s lo sh  modes can b e  inves t iga ted  f o r  two genera l  
condi t ions:  uncoupled and coupled with elastic modes. The uncoupled 
case  can be considered when tank cons t ruc t ion  is such t h a t  t h e  tank 
s t i f f n e s s  gives  rise t o  s t r u c t u r a l  f requencies  which are not  i n  c l o s e  
proximity t o  the  lowest uncoupled slosh f requencies ,  On t h e  o ther  
hand, t he re  are many ins tances  where the  coupling of l i q u i d  modes and 
e l a s t i c  tank modes becomes s i g n i f i c a n t  due t o  t h e  proximity of t h e  
uncoupled n a t u r a l  f requencies .  

The important bending frequencies  of cu r ren t  launch veh ic l e s  are 
usual ly  less than 5 Hz and, as the  important l i q u i d  s u r f a c e  modes i n  
c y l i n d r i c a l  tanks a l s o  occur a t  low frequency, coupling between t h e  
r e spec t ive  modes is  l i k e l y .  One of t h e  few i n v e s t i g a t o r s  t o  have con- 
s idered t h i s  phenomenon is M i l e s  (Ref 6.5). T h i s  author  developed t h e  
equations of motion f o r  a c i r c u l a r  c y l i n d r i c a l  tank using a Lagrangian 
formulation and es tab l i shed  the  frequency equat ion i n  terms of uncoupled 
bending and s losh ing  frequencies  and coupling c o e f f i c i e n t s .  It w a s  
concluded t h a t  t he  l i q u i d  e f f e c t s  are only s i g n i f i c a n t  i n  those cases 
where the  s losh ing  mass is a apprec iab le  f r a c t i o n  of t o t a l  mass. For 
typ ica l  laun-h veh ic l e  s t r u c t u r e s  the  s losh ing  mass can b e  omitted 
from the  c a l c u l a t i o n  of bending frequencies  and r igid- tank s losh ing  
frequencies  can be used i n  t h e  determination of t h e  tank bending 
c h a r a c t e r i s t i c s .  Resul ts  of an  experimental i nves t iga t ion  t o  confirm 
the  a n a l y s i s  of Reference 6.5 are presented i n  Reference 6.6. 

A considerable  amount of i nves t iga t ion  has been devoted t o  the  
coupling of propel lan t  motions with e l a s t i c  tank breathing v ib ra t ions  
(e.g., Ref 6.7 and 6.8) .  An extensive summary d iscuss ion  of t hese  
e f f o r t s  is  presented i n  Reference 6.1. 

6.1.1 Uncoupled Propel lan t  Sloshing 

The a n a l y s i s  of uncoupled la teral  s losh ing  is  based upon the  
following assumptions: 

a. Constant longi tudina l  acce lera t ion ,  

b. Sloshing a r i s e s  from s m a l l  amplitude e x c i t a t i o n s  caused by 
e i t h e r  t r a n s l a t i o n a l  o r  r o t a t i o n a l  acce le ra t ions  a c t i n g  
normal t o  the  f l i g h t  path, 
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c .  Surface tens ion  forces  are n e g l i g i b l e  when compared t o  
i n e r t i a l  and viscous forces ,  

d. Forces due t o  gas  pressure  are negl ig ib le ,  

e. Geometrical s i m i l a r i t y  between model and prototype. 

Trans l a  t i o n a l  Exc i ta t i o n  

A t yp ica l  p ropel lan t  tank sub jec t  t o  t r a n s l a t i o n a l  e x c i t a t i o n  
is  shown i n  Figure 6.1. 

7 xo I- 
Figure 6 , l  Trans la t iona l  Exci ta t ion  of Propel lan t  Tank 

The r e s u l t a n t  l i q u i d  f o r c e  on the  tank w a l l s ,  expressed i n  
func t iona l  form, is 

where R = 

a =  

R =  

R = f b ,  1, A ,  P,  T9 P> 

r e s u l t a n t  l i qu id  f o r c e  on tank w a l l ,  F 

long i tud ina l  acce le ra t ion ,  L/T 

c h a r a c t e r i s t i c  length,  L 

2 
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A 3 any l eng th  (e.g., t ank  diameter  (d),  l i q u i d  depth (h) ,  
e x c i t a t i o n  ampli tude (xo)) L 

LI = l i q u i d  v i s c o s i t y ,  FT/LL 

P =  l i q u i d  dens i ty ,  FT / L  
2 4  

T = e x c i t a t i o n  per iod,  T. 

Appl ica t ion  of t h e  dimensional a n a l y s i s  techniques of Chapter 3 
y i e l d s  f o u r  s c a l i n g  parameters.  These parameters are 

2 
IT = a T / / R ,  

2 
2 IT = R'c / p a 4 ,  1 

The T2 term is equiva len t  t o  t h e  Froude Number and t h e  IT term 
is equiva len t  t o  t h e  Reynolds Number. 
is  d i c t a t e d  by IT 
des i r ed  phys ica l  dimension. 

Complete dimensional s h i l a r i t y  
where t h e  parameter X may be  replaced by any 4 

I f  t h e  a n a l y s i s  is developed us ing  t h e  r e s u l t i n g  l i q u i d  p re s su re  
P as t h e  dependent v a r i a b l e ,  t h e  IT term becomes 1 

2 2  
ITl = PT /pk 

which is a form of t h e  Euler  Number. The o the r  non-dimensional terms 
are unchanged. 

Ro ta t iona l  E x c i t a t i o n  

The a n a l y s i s  is  similar t o  t h a t  f o r  t r a n s l a t i o n a l  e x c i t a t i o n .  
The a c c e l e r a t i o n s  are determined by t h e  l o c a t i o n  of t h e  r o t a t i o n a l  
a x i s  and t h e  amplitude of e x c i t a t i o n ,  

The f u n c t i o n a l  r e l a t i o n s h i p  becomes 

M = f (a ,  2, A ,  11, P? T, eo> 

where M = moment due t o  l i q u i d  pressure ,  F/L 

A = any l eng th  ( inc luding  l o c a t i o n  of r o t a t i o n a l  axis ( b ) ) ,  L 

6 = e x c i t a t i o n  amplitude,  
0 

and t h e  o t h e r  v a r i a b l e s  are as def ined  previous ly .  
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The f i v e  non-dimensional s c a l i n g  r e l a t i o n s  are 

7~ = M T  2 3  /PQ 9 7~~ = a-r 2 /J?, 1 

IT = eo. 5 7~ = X/Q and 4 

As previously,  ?12 is equiva len t  t o  t h e  Froude Number and IT 
equiva len t  t o  t h e  Reynolds Number. 
d i c t a t e d  by v4. 

is  3 Dimensional s i m i l a r i t y  i s  
S i m i l a r i t y  of e x c i t a t i o n  ampli tude fo l lows  from n5. 

The s c a l i n g  r e l a t i o n s  f o r  t r a n s l a t i o n a l  and r o t a t i o n a l  exc i ta -  
t i o n  can  be  examined f o r  two condi t ions :  

a .  Viscos i ty  Neglected 

I f  v i scous  f l u i d  fo rces  are assumed t o  be neg l ig ib l e ,  t h e  
IT term becomes i n s i g n i f i c a n t  and t h e  non-dimensional 3 s c a l i n g  r e l a t i o n s h i p  developed previous ly  can be expressed 
as 

- and Bo - 
m 

where t h e  s u b s c r i p t s  
r e spec t ive ly .  

80 
P 

m and p r e f e r  t o  model and pro to type ,  

The f i r s t  r e l a t i o n  de f ines  t h e  geometric scale f a c t o r .  The 
second i n d i c a t e s  t h a t  any pro to type  a c c e l e r a t i o n  can  be  simu- 
l a t e d  i n  a 1-g test environment through a t i m e  scale adjustment.  
The model-to-prototype frequency r a t i o ,  e s t a b l i s h e d  by v2, is  
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urn/" = C(am/ap)/nl 1 / 2  . 
P 

The expressions f o r  fo rce ,  p re s su re  and moment i n d i c a t e  
t h a t  t h e  pro to type  f l u i d  r e l a t i o n s  can  b e  e s t a b l i s h e d  
fol lowing s e l e c t i o n  of t h e  model f l u i d .  

b . Viscos i ty  Included 

The s c a l i n g  r e l a t i o n s  are i d e n t i c a l  to  those  presented  
above. I n  add i t ion ,  t h e  r3 term must b e  s a t i s f i e d .  This  
r e l a t i o n  can  b e  w r i t t e n  as 

2 where V = u/p is t h e  l i q u i d  kinematic  v i s c o s i t y ,  L /T.  

This  express ion  i n d i c a t e s  t h a t  t h e  l e n g t h  scale f a c t o r ,  n, 
i s  a f f e c t e d  by both  t h e  d e n s i t y  and v i s c o s i t y  of t h e  model 
f l u i d .  I n  o rde r  t o  i n v e s t i g a t e  pro to type  a c c e l e r a t i o n s  a t  
scale f a c t o r s  d i f f e r e n t  from un i ty ,  t h e  modeling l i q u i d  
must have d i f f e r e n t  p r o p e r t i e s  than  t h e  pro to type  l i q u i d .  

6 .1 .2  E l a s t i c a l l y  Coupled P rope l l an t  S losh ing  

The a n a l y s i s  of e l a s t i c a l l y  coupled p r o p e l l a n t  s lo sh ing  is  based 
upon t h e  assumptions (a )  through (e )  of Sec t ion  6.1.1 b u t  t h e  complexity 
of t h e  problem i s  magnified as t h e  elastic s t r u c t u r a l  t ank  p r o p e r t i e s  
must now be  considered.  
tank  w a l l s ,  expressed as a func t ion  of t h e  independent v a r i a b l e s ,  is  

The r e s u l t a n t  l i q u i d  f o r c e  a c t i n g  on t h e  

where R = r e s u l t a n t  l i q u i d  f o r c e  on tank  w a l l ,  F 

2 a = l o n g i t u d i n a l  a c c e l e r a t i o n ,  L /T  

2 = characteristic length ,  L 

X = any l e n g t h  (e.g., tank diameter  (d) l i q u i d  dep th  (h) 
e x c i t a t i o n  ampli tude (xo) ) L 

v = l i q u i d  kinematic v i s c o s i t y ,  L (T 2 
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v'  = Poisson's r a t i o ,  

The 
with the  

w =  1 

- 
w4 - 

w =  7 

v i  = Poisson's r a t i o  f o r  bending, 

G J  = tank tors iona l  s t i f fnes s ,  FL 2 

Kx = tank extensional s t i f fnes s ,  F/L 

= tank in-plane shear s t i f fnes s ,  F/L 
XY 

BZ = tank transverse shear s t i f f n e s s ,  F/L 

E1 = tank bending s t i f f n e s s ,  FL 

B 

2 

z = exci ta t ion  period, T. 

non-dimensional sca l ing  parameters, developed i n  accordance 
techniques established i n  Chapter 3 ,  are 

IT3 = AIR, 2 w2 = a-c 12, 2 2 2  Rv z /R EI, 

T6 = v', 2 
K ~ R ~ / E I ,  w5 = V T I R  , 

and wlo = Bxy/Kx. 

Note t h a t  w2, w 
uncoupled propehant  sdoshing . and w are s imi la r  t o  t h e  scal ing terms derived f o r  

These scal ing r e l a t ions  can be examined fo r  two conditions: 

a. Viscosity Neglected 

If viscous f l u i d  forces  are assumed t o  be  negl igible  the  
scal ing re la t ions  which are dependent upon the  length scale 
fac to r  become 
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and (Kx/EI)m/(Q/EI>p = l / n  3 

The f i r s t :  of these defines the model-to-prototype scale 
f ac to r .  
can be simulated with an appropriate time scale. 
frequency r a t i o ,  established by this expression is 

The second indicates  tha t  any prototype accelerat ion 
The 

Other scal ing relat ionships ,  derived from n4, n8, n9 
and Tlob are 

The s imi l a r i t y  requirements imposed by these other sca l ing  
equa l i t i e s  may b e  d i f f i c u l t  to  maintain when small scale 
models a r e  fabr icated.  
thicknessess, due primarily to  tolerance l imitat ions,  may 
cause s ign i f i can t  deviations i n  these pararceters . 

The inaccuracy of scaled sk in  

b . Viscosity Included 

Additional scal ing relat ionships  arise i f  viscous f lu id  
forces are considered. The expression developed from r5 is 

which is iden t i ca l  t o  the  sca l ing  re la t ionship  of Section 
6.1.1. The expression for f l u i d  forces,  

is established by nL and the above r e l a t ion .  

MARTIN MARIE-A CORPORAlION 
D E N V E R  D I V I S I O N  



MCR- 68 - 8 7 6-9 

6.2 General  Limi ta t ions  on Liquid S c a l i n g  

Density s imula t ion  o r  t h e  s c a l i n g  of s l o s h  e f f e c t s  i n  a r i g i d ,  
uncoupled tank  (Sec t ion  6.1.1) p re sen t s  no d i f f i c u l t i e s .  Sca l ing  
of l i q u i d  p r o p e l l a n t s  t o  o t h e r  condi t ions  may impose l i m i t a t i o n s  on 
phys ica l ly  f e a s i b l e  models. Typical. s c a l i n g  requirements  inc lude  
g r a v i  ta t ional-visco s i  t y  s c a l i n g ,  g r a v i t a  t ional-compressibi l  i cy  
s c a l i n g ,  g r a v i t a t i o n a l - c a v i t a t i o n  s c a l i n g  and g r a v i t a t i o n a l - s u r f a c e  
t ens ion  sca l ing .  

The non-dimensional s c a l i n g  r e l a t i o n s  f o r  each of t h e  above 
c a s e s  can be  e s t a b l i s h e d  through examination of t h e  f u n c t i o n a l  
r e l a  t i onsh ip  

where AP = P - P = gas p re s su re  above l i q u i d ,  
2 gas  vapor ('gas 

= vapor p re s su re  of l i q u i d ) ,  F/L vapor P 

R = c h a r a c t e r i s t i c  l eng th ,  L 

a = l o n g i t u d i n a l  tank a c c e l e r a t i o n ,  L/T 

2 v = l i q u i d  kinematic v i s c o s i t y ,  L / T  

2 

c = v e l o c i t y  of sound i n  l i q u i d ,  L / T  

p = l i q u i d  dens i ty ,  FT / L  2 4  

r = r a d i u s  of meniscus i n  equ iva len t  c a p i l l a r y  tube,  L 

cs = l i q u i d  gas  s u r f a c e  tens ion ,  F/L 

g = a c c e l e r a t i o n  of g r a v i t y ,  L/T 

8 = con tac t  a n g l e  between l i q u i d  and tank  w a l l .  

2 

It is assumed t h a t  t h e  so l id - l iqu id  and sol id-gas  i n t e r f a c e  e f f e c t s  
a r e  n e g l i g i b l e .  

Appl ica t ion  of t h e  dimensional a n a l y s i s  techniques of Chapter 3 
y i e l d s  s i x  s c a l i n g  parameters.  These parameters are 

IT = AP/paR, 2 
3 IT = c /a%, 3 2  

2 7~ = R a / v  , 1 
2 

IT = pgr / c s  and IT = 8. 
5 6 

IT = r J R ,  4 
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a, nl 
h 
U 
0 u 
0 
)-I 
Pi 

The s c a l i n g  requirements  imposed by t h e s e  parameters and t h e  
l i m i t a t i o n s  on s c a l i n g  of l i q u i d s  i n  a r i g i d  tank  a scussed i n  
Sec t ions  6-2 .1  through 6.2.5. Gravi ta t iona l -dens i ty  s c a l i n g  of 
l i q u i d s  i n  e las t ic  tanks is d iscussed  i n  Sec t ion  6.2.6. 

6.2.1 Gravi ta t iona l -Viscos i ty  S c a l i n g  

The s i g n i f i c a n t  s c a l i n g  parameter f o r  g r a v i t a t i o n a l - v i s c o s i t y  
s imula t ion  is 

A bar  c h a r t  which compares t h e  kinematic v i s c o s i t i e s  of t y p i c a l  
p r o p e l l e n t s  and p o s s i b l e  model l i q u i d s  is  presented i n  F igure  6.2. 
The kinematic v i s c o s i t i e s  are shown f o r  t h e  temperature ranges which 
may be experienced during launch v e h i c l e  boost  f l i g h t .  

..................................... ........................... ......... ;j$$$;;j, Lox ?;E@, .............. .................. ~l .:.:,: .:.:.: 3w:s 

I 

.:+ !...!.!.! ........... 
EHG$$ .................... "'i 

r( 
a, a 
0 
5: 

Kinematic Viscos i ty ,  cm2/sec 

0 002 0.005 0.01 0.02 

Figure  6 .2  Kinematic Viscos i ty ,  Typical Missile P rope l l an t  and Model Liquids 
(Based on Fig .  5.4 and 5.5, Ref 6.1) 
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The requi red  model-to-prototype s c a l i n g  can be es tab l i shed  
from ?T This s c a l i n g  is 1' 

o r  

3 7 

3 112 

R 3a /vm2 = R a /v 6- 

m m  P P P  

v = (n ax)  r 

a = a / a  
r m P  where v = vm/v n = Rm/Rp, r P' 

and t h e  s u b s c r i p t s  m and p r e f e r  t o  model and prototy?e,  r e spec t ive ly .  

The r d a t i o n  between t h e  these  parameters is presented i n  
Figure 6.3. 

.. I 

Figure  6.3 Simulation Chart:  Gravi ta t iona l -Viscos i ty  Scal ing 
(Based on Fig .  5.6,  Ref 6.1)  
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T h e  cliff i c u l t y  which arises i f  g rav i ta t iona l -v iscos i ty  Y 

of cryogenic propel lan ts  i s  attempted becomes evident. The kinLanatic 
v i s c o s i t y  r a t i o  must- be approximately equal t o  o r  g rea t e r  than uni ty  
which makes i t  v i r t u a l l y  impossible t o  preserve t h e  required sca l ing  
parameters, f a r  t yp ica l  boost acce le ra t ion  ranges, with model scale 
f a c t o r s  less than unity.  

6.2.2 Gravitational-Compressibility Sca l ing  

The con t ro l l i ng  s c a l i n g  parameter f o r  grav i ta t iona l -compress ib i l i ty  
s ca l ing  is 

The required model-to-prototype sca l ing  condition, established 
by IT?, is - 

c 2/a R = c 2/a R 
m m m  P P P  

or  

where c = cm/c . 
r P 

The r e l a t i o n  between these  th ree  parameters is presented i n  
Figure 6.4 .  As t y p i c a l  values of t h e  sonic  ve loc i ty  r a t i o  w i l l  l i e  
i n  the  range 1 / 4  < c < 4 ,  gravitational-compressibil i ty propel lan t  
sca l ing  f o r  t yp ica l  goost acce le ra t ion  ranges 
l imited range of des i r ab le  model scale f ac to r s .  The simulation 
of nitrogen t a t rox ide  o r  LOX is d i f f i c u l t  (at 4eai.rabLe scale 
f a c t o r s )  as the  sonic  ve loc i ty  r a t i o ,  assuming t h e  use of a common 
modeling l i qu id ,  w i l l  not be  much less than unity.  

6.2.3 Gravitational-Cavitation Sca l ing  

is poss ib le  f o r  a 

The sca l ing  parameter f o r  grav i ta t iona l -cavi ta t ion  sca l ing  i s  

This s ca l ing  requirement can be s a t i s f i e d ,  f o r  any length 
scale and prototype l i qu id ,  by ad jus t ing  t h e  gas pressure  (assuming 
t h a t  t h e  absolu te  gas pressure  is not determined by any o the r  s ca l ing  
parameter). The r a t i o  APlp ,  f o r  t y p i c a l  model Xiquids and an a s s u ~ ~ d  
model gas pressure  of one atmosphere, w i l l  l i e  between 0.6 and 1.4. 
The required model-to-prototype sca l ing  condition, es tab l i shed  by r3, is 

MARTIN MARIEITA CORPORANON 
D E N V E R  D I V I S I O N  



HCR-68-87 6-13 

or 

where 

c 

LOO 

-Boost Acceleration Ranhe 

\ Acceleration Ratio, a - r 
LO' 100 

Figure 6.4 Simulation Chart: Gravitational-Compressibility Scaling 
(Based on Fig. 5.7, Ref 6.1) 
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The r e l a t i o n  between these t h r e e  parameters is presented i n  
Figure 6.5. 

Figure 6 . 5  Simulation Chart: Gravi ta t iona l -Cavi ta t ion  Scal ing 
(Based on Fig .  5.9, Ref 6 .1)  

Simulation (at atmospheric pressure)  of a cryogenic pro totype 
f l u i d  o r  a f l u i d  w i t h  a very high vapor pressure  does not  appear t o  
be f e a s i b l e  f o r  convenient model scale f ac to r s .  Boost acce le ra t ion  
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s imulat ion w i l l  r equ i r e  model gas pressures  t o  be  reduced below 
atmospheric. 
environment can b e  simulated wi th  small scale models and 
atmospheric gas pressures .  

Gravi ta t iona l -cavi ta t ion  e f f e c t s  i n  a low-g 

6.2.4 Gravitational-Surface Tension Sca l ing  

\ Gravi ta t ional-surface tens ion  s c a l i n g  is cont ro l led  IT 
IT 4’  IT5 and IT6 of Sect ion 6.2. 

be combined w i t h  IT4 t o  y i e l d  
a v a r i a t i o n  of the Bond Number, can 5’ 

IT * = pgg 2 / c l .  
5 

The required model-to-prototype sca l ing ,  expressed i n  terms of t h e  
kinematic su r face  tension,  $ = a/p, is, 

o r  

where 

$ r = n a  2 
r 

and gm/g = am/ap = ar. 
P 

The r e l a t i o n  between these  parameters is presented i n  Figure 6.6. 
Velues of $ , f o r  t y p i c a l  prototype propel lants  (e.g., kerosene, LOX) 
and model f f u i d s  w i l l  l i e  between 0.1 and 10. 
su r face  tens ion  sca l ing  with des i r ab le  s i z e  models a t  s m a l l  accelera- 
t i o n  r a t i o s  is no t  f e a s i b l e .  The simulat ion of low g rav i ty  su r face  
tens ion  e f f e c t s  is poss ib l e  with small s c a l e  models i n  a 1-g test 
environment. 

It i s  obvious t h a t  

6’ The sca l ing  r e l a t i o n  imposed by IT 

is probably i n s i g n i f i c a n t  f o r  dynamic s imulat ion as the  contac t  angle  
inf luences i n t e r f a c e  area v a r i a t i o n s  i n  t h e  energy equations as cos 8. 
Nevertheless, t h i s  requirement e l imina tes  t h e  p o s s i b i l i t y  of s imulat ing 
a wet t ing f l u i d  wi th  a non-wetting f l u i d  and v i c e  versa .  

The d iscuss ion  of Sect ions 6.2.1 through 6.2.4 has been r e s t r i c t e d  
t o  the s imula t ion  of i n e r t i a l  e f f e c t s  wi th  any of four  of t h e  more impor- 
t a n t  l i q u i d  e f f e c t s .  
i f  the ana lys t  wishes t o  consider t he  simultaneous s imulat ion of s eve ra l  
of these  e f f e c t s .  

The r e s u l t s  of t hese  sec t ions  may be  used concurrent ly  
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I I Range 0 .01  

I 

pzz1; 
Acceleration Ratic 

I 

Simula 

Figure 6.6 Simulation Chart: Gravi ta t ional-Surface Tension Scal ing 
(Based on Fig.  5.10, Ref 6.1) 

6.2.5 Re la t ive  Importance of Capi l la ry  and Grav i t a t iona l  E f fec t s  

The  dynamic characteristics of a gas-liquid sys.tem may b e  
influenced by several fo rces  (e.g., v iscous forces ,  c a p i l l a r y  forces, 
body fo rces )  b u t  o f t e n  a11 b u t  one of these f o r c e s  can b e  regarded as 

t i o n  
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negl ig ib le .  The hydrodynamic behavior of t h e  system can be  
separated i n t o  approximate regimes through examination of s eve ra l  
dimensionless parameters. 

2 

of i n e r t i a l  t o  c a p i l l a r y  forces. This parameter appears ( i n  a 
s l i g h t l y  d i f f e r e n t  form) i n  Section 6.2.4 as t h e  non-dimensional 
s ca l ing  r e l a t i o n  7~ *. Note t h a t  f o r  W e  much g rea t e r  than uni ty  t h e  
c a p i l l a r y  fo rces  are ins ign i f i can t .  For W e  much less than unity t h e  
opposite i s  t rue .  

The Weber Number, W e  = pV ala, def ines  an  estimate of t h e  r a t i o  

5 

2 The Froude Number, F r  = V /gR, relates t h e  i n e r t i a l  forces  t o  
It is evident t h a t  body fo rces  play an  important the body forces .  

r o l e  i n  t h e  f l u i d d y n d c s f o r  values of Fr much less than un i ty ,  

The regimes defined by the  Weber Nmber, Froude Number and Bond 
Number (Bo = We/Fr) are indicated i n  Figure 6.7 taken from 
Reference 6.1.  , 

Gravi ta t iona 1 
Regime 

C a p i l l a r y  
Regime 

Figure  6 . 7  Hydrodynamic Regimes (See F i g ,  11.5, Ref 6.1)  

This f i g u r e  gives no ind ica t ion  of t h e  r e l a t i v e  importance of viscous 
e f f e c t s  and the e f f e c t  of these  forces  must be  es tab l i shed  separa te ly ,  
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An order-ofmagnitude estimate of the time required f o r  l i q u i d  
r eo r i en ta t ion  following t h e  t r a n s i t i o n  between two hydros ta t ic  regimes 
can b e  obtained through examination of t he  "cha rac t e r i s t i c  response 
time." 
presented i n  Section 11.4 of Reference 6.1. The c h a r a c t e r i s t i c s  times 
are determined t o  be 

An ana lys i s  which develops expressions f o r  these  t i m e s  is  

t = CR/g) f o r  t h e  g rav i ty  dominated regime 

t = (pk 3 /O)"' f o r  t he  c a p i l l a r y  dominated regime. and 

Figure 6.8 i nd ica t e s  c h a r a c t e r i s t i c  response t i m e s  f o r  t h e  various 
hydros t a t i c  regimes. 

t = 10.0 sec 

10-6 l o e 4  10- 1 100 

Acceleration, g 

Figure 6.8 Characteristic Response Times (Based on Fig. 11.6, Ref 6.1) 
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6.2.6 Elast ic-Gravi ta t ional-Densi ty  S c a l i n g  

The s imula t ion  of a n  elastic launch vehicle s t r u c t u r e  conta in ing  
a s losh ing  l i q u i d  has  been developed i n  Chapter 4 where it w a s  assumed 
that s i g n i f i c a n t  coupling exists between t h e  s l o s h  modes and t h e  beam- 
l i k e  s t r u c t u r a l  modes. The c o n t r o l l i n g  s c a l i n g  parameters,  e s t ab l i shed  
i n  Chapter 4, are 

IT = mk 4 2  W /EL, 1T = b 2 / a  and 'rr = pR2/m 
1 2 3 

where 2 2  m.= mass /uni t  l ength ,  FT /L 

R = c h a r a c t e r i s t i c  length,  L 

W = frequency, 1 / T  

2 
EL = beam s t i f f n e s s ,  FL 

2 
a = acce le ra t ion ,  L/T 

p = l i q u i d  dens i ty ,  FT /L 2 4  

and geometr ica l  s t r u c t u r a l  s i m i l a r i t y  i s  requi red .  

The a c c e l e r a t i o n  r a t i o ,  using t h e  s u b s c r i p t  r t o  denote  model- 
to-prototype r a t i o s ,  is  

3 a = (EI)r/mrn r 

where n = R = R  / E  . 
r a t i o  of slgshimg eo non-sloshing masses b e  i d e n t i c a l  f o r  model and 
pro t o  type,  is  

The m a s s  r a t i o ,  due t o  t h e  assumption t h a t  the 

2 m = Prn r 

and the a c c e l e r a t i o n  r a t i o  then  becomes 

5 a r = (EI),/Prn 

Repl ica  s c a l i n g  r e q u i r e s  geometr ic  s i m i l a r i t y  and i d e n t i a l  
materials. 
a c c e l e r a t i o n  r a t i o  becomes 

This impl ies  that Er = 1, Ir = n4 and pr = 1 s o  that the 
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a = l / n  r 

which c l ea r ly  indicates  the  impossibil i ty of modeling the  boost 
accelerat ion phase with small scale rep l ica  models. However, t h e  
poss ib i l i t y  of using diss imilar  materials must not be  precluded 
although tank geometric s imi l a r i t y  is always required t o  preserve 
adequate s losh  simulation. If i t  is  assumed tha t  

3 3 
r' = Rr tr = n t 

where t defines the  r a t i o  of model-to-prototype tank w a l l  thickness, 
the a c c b e r a t i o n  r a t i o  becomes 

2 a = E t /Prn r r r  

A simulation chart i n  terms of the  parameter Qr = E r t r / P r  is 
presented i n  Figure 6.9, 

c 

Figure 6.9 Simulation Chart: Elastic-Gravitational-Density Scaling 
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As t y p i c a l  model s i z e s  and boost phase acce lera t ions  y i e l d  
values of ranging from approximately 0.03 t o  0.002, t he  

(unless mercury is  used as the  model l i q u i d )  cannot exceed about 
2.0; t h e  elastic modulus f o r  aluminum prototype and magnesium model 
would be 0.6 and a thickness r a t i o  of 0.1 would be  required t o  
achieve Q = 0.03. This r a t i o  of tank w a l l  thicknesses may create 
serious manufacturing, assembly and handling problems. To achieve 
lower values of Q requi res  t he  use of p l a s t i c s  i n  model cons t ruc t ion  
and/or t h e  use  ofrmercury as t h e  model l i qu id .  

a p p l i c a b i l i  5 y of m e t a l  models is l imi ted .  The l i q u i d  dens i ty  r a t i o  

r 

6 . 3  Simulation of Non-Linear LonRitudinal Ef fec ts  

The e f f e c t  of longi tudina l  exc i t a t ions  upon l i q u i d s  depends t o  
a g r e a t  ex ten t  upon t h e  amplitude and t h e  frequency of t h e  excita- 
t i ons .  A t  r e l a t i v e l y  low frequencies t h e  f r e e  su r face  of t he  l i q u i d  
may respond i n  a l a r g e  amplitude standing wave with a frequency 
equal t o  one-half t h e  exc i t a t ion  frequency. A t  high frequencies the  
l i q u i d  amplitude is diminished but t he  waves may d i s i n t e g r a t e  and 
genera te  a low frequency standing wave of l a r g e  amplitude. 
high 
entrapped i n  the  l i qu id .  
buoyancy and s i n k  t o  t h e  tank bottom. 

A t  very 
v ib ra t ion  input  l e v e l s  s m a l l  vapor bubbles can become 

These bubbles can achieve negative 

A h i s t o r i c a l  survey and a summary of analyses and conclusions 
per ta in ing  t o  these  non-linear e f f e c t s  has been presented by 
Abramson (Ref 6.1) . 

6.3.1 Subharmonic. Superharmonic and Other Non-Linear Exci ta t ion  

Free su r face  standing waves are generated when a c y l i n d r i c a l  
tank containing a l i q u i d  is forced t o  o s c i l l a t e  v e r t i c a l l y ,  The 
primary l i q u i d  response occurs a t  one-half t h e  exc i t a t ion  frequency 
and the  l i q u i d  motion i s  usually i d e n t i f i e d  as the  one-half sub- 
harmonic response. Other response modes may occur a t  t h e  e x c i t a t i o n  
frequency as w e l l  as a t  superharmonic frequencies.  
is e s s e n t i a l l y  non-linear and is  a s u i t a b l e  area f o r  simulation 
s tud ie s .  

This phenomenon 

The func t iona l  r e l a t ionsh ip  between l i q u i d  pressure and o the r  
independent va r i ab le s  i n  a n  assumed r i g i d  tank is 

p = fk ,  A ,  P? w, 2) 
2 where P = l i q u i d  pressure a t  depth d, F/L 

g = steady state tank acce lera t ion ,  L/T 2 
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h - any length  (e.g., e x c i t a t i o n  amplitude (xo), 

2 4  P = l i q u i d  density,  FT /L 

rad ius  of tank (R), l i q u i d  depth (d)), L 

w = e x c i t a t i o n  frequency, 1/T 

R -  c h a r a c t e r i s t i c  length, L. 

Application of t he  p r inc ip l e s  of dimensional ana lys i s  y i e l d s  
th ree  non-dimensional s ca l ing  r e l a t i o n s ,  These r e l a t i o n s  are 

r2 - P / & R  and r3 = A / & .  

The f i r s t  tern, when w r i t t e n  as 

def ines  t h e  dynamic-to-static acce le ra t ion  r a t i o ,  T may be 
expressed as 

2 

71; = P/Pgd 

to  de f ine  t h e  dynamic-to-static pressure  r a t i o .  
s i m i l a r i t y  is d i c t a t e d  by r 3 .  

Complete geometric 

6.3.2 Bubble Clus te r  Formation 

Another non-linear phenomenon associated with v e r t i c a l  tank 
exc i t a t ions  is the  formation of bubble c l u s t e r s .  These c l u s t e r s  arise 
due t o  t h e  apparent negative buoyancy of small gas bubbles which, 
above some l i m i t i n g  o s c i l l a t o r y  acce le ra t ion  l eve l ,  become trapped 
i n  the  l i q u i d .  This phenomenon r e s u l t s  i n  the  per iodic  growth and 
des t ruc t ion  of gas bubble c l u s t e r s  below the  l i q u i d  surface.  

The func t iona l  r e l a t ionsh ip  between l i q u i d  pressure and o ther  
va r i ab le s  is 

where e = sonic  ve loc i ty  i n  liquid-bubble mixture, L/T 

2 Po = gas pressure,  F/L 

and the  o ther  va r i ab le s  are as defined i n  Section 6.3.1. 
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The f i v e  sca l ing  r e l a t i o n s  developed from t h e  above are 

7T = wx/c, IT 2 = AIR, w3 = Po1pgR, 1 

w = P/pgR. 5 and 2 
Tr = w x/g 4 

w when expressed as 1' 
* w = Wdlc, 1 

def ines  a dimensionless pressure  wave length.  ~r can b e  written 
a s  

3 

t o  de f ine  the  gas-to-liquid s t a t i c  pressure  r a t i o  and w 5 as 

w * = Plpgd 5 

t o  de f ine  l i q u i d  dynamic-to-static pressure  r a t i o .  
s t a t i c  acce le ra t ion  r a t i o  follows from 

The dynamic-to- 

* = w 2 xo/g 
4 

and geometric s i m i l a r i t y  is  d i c t a t e d  by r2. 
l i q u i d  volumes 

The r a t i o  of gas t o  

= v /v  '6 g R 

follows from ~r~~ 

MARIIU MARIE772W CORPO 
D E N V E R  D I V I S I O N  



MGR-68-8 7 7-1 

7 ,  DISTORTED SCALING OF LAUNCH VEHICLE STRUCTURES 

S t i f f e n e d  c y l i n d r i c a l  and c o n i c a l  s h e l l s  are t y p i c a l  of tank  
w a l l s ,  i n t e r s t a g e  adap te r s  and f a i r i n g s .  Proper s imula t ion  of t h e i r  
dynamic characteristics is requi red  i f  a c c u r a t e  s imula t ion  of t h e  
o v e r a l l  launch vehicle dynamic characteristics is t o  b e  r e a l i z e d .  
Frequent ly ,  t h e  t h i n  s k i n s  t h a t  form a major po r t ion  of  t h e s e  
s t r u c t u r e s  prec lude  the u s e  of r e p l i c a  s c a l i n g  (Chapter 9 ) .  Replace- 
ment of t h e  pro to type  s h e l l  s t r u c t u r e  w i t h  an  equiva len t  d i s t o r t e d  
model is  then  necessary.  

There are s e v e r a l  approaches t o  t h e  a n a l y s i s  of s h e l l  configura- 
Classical s o l u t i o n s  are a v a i l a b l e  f o r  most axisymmetric s h e l l  t i o n s .  

geometries (e.g., Ref 7 . 1 )  bu t  many p r a c t i c a l  problems involve  
unsymmetrical o r  s t i f f e n e d  s h e l l s  f o r  which c l a s s i c a l  s o l u t i o n s  are no t  
r e a d i l y  a v a i l a b l e .  Due t o  t h e  complexity of t h e  mathematical  formula- 
t i o n ,  s t i f f e n e d  c y l i n d e r s  and cones are gene ra l ly  inves t iga t ed  through 
t h e  u s e  of f i n i t e  element techniques.  These techniques i d e a l i z e  t h e  
a c t u a l  s h e l l  and s t i f f e n e r s  as s t r u c t u r a l  systems of p l a t e s  and beams 
having equ iva len t  s t i f f n e s s  and m a s s .  Appl ica t ion  of t h e s e  methods 
t o  symmetrically and unsymmetrically s t i f f e n e d  cy l inde r s  and t o  
symmetrically s t i f f e n e d  cones is  presented i n  Reference 7 .2 .  

A somewhat analogous method of d i s t o r t e d  s h e l l  modeling which 
appears  t o  be  a p p l i c a b l e  t o  t y p i c a l  launch v e h i c l e  s t r u c t u r e s  is 
t russ - r ing  modeling. This  technique d i f f e r s  from t h a t  ou t l i ned  i n  
Reference 7 . 2  i n  t h a t  t h e  s h e l l  i s  rep laced  by t russ - r ing  modules 
c o n s i s t i n g  of t r a n s v e r s e  frames connected by a framework of a x i a l l y  
loaded ba r s .  Appl ica t ion  of t h e s e  methods t o  t h e  dynamic modeling 
of s h e l l s  is d iscussed  i n  Sec t ion  7.1. Simulat ion of o r t h o t r o p i c  
c y l i n d e r s  us ing  r e in fo rced  p l a s t i c  models is d iscussed  i n  Sec t ion  7 . 2 .  

7 . 1  Truss-Rinp Modeling of Cy l ind r i ca l  S h e l l s  

The c y l i n d r i c a l  s h e l l  considered here is a continuous three-  
dimensional s k i n  s t r u c t u r e .  It is  proposed t h a t  t h e  s h e l l  be  
s u i t a b l y  d iv ided  i n t o  a number of u n i t s ,  each u n i t  c o n s i s t i n g  of a 
number of segments. Therefore,  t h e  e n t i r e  c y l i n d r i c a l  s h e l l  can b e  
considered as an  assemblage of a f i n i t e  number of segments. 

The extremely t h i n  s k i n  gages which may r e s u l t  from r e p l i c a  
s c a l i n g  d i c t a t e  t h a t  t h e  c y l i n d r i c a l  u n i t s  b e  s imulated wi th  a d i s t o r t e d  
model. The model suggested t o  r ep resen t  t h e  continuous e las t ic  
p r o p e r t i e s  of a t y p i c a l  c y l i n d r i c a l  u n i t  is def ined  as a "module." 
This  module (Fig.  7.1) c o n s i s t s  of a n  elastic r i n g  and several 
a x i a l l y  s t r e s s e d  b a r s .  The ba r s  are equa l ly  spaced about  t h e  r i n g  
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circumference and are singly connected a t  each end by f r i c t i o n l e s s  
pin jo in t s .  
to  the  r ing  of t h e  adjacent module on the  other  s ide .  Note t h a t  
the geometrical arrangement of the t ru s s  bars  must be symmetrical 
about any r ing  diameter. 

These j o i n t s  a t t ach  to  the  module r ing  on one s i d e  and 

Truss Bar 

Figure 7 . 1  Truss-Ring Module 

The proposed module must s a t i s f y  ce r t a in  preassigned s ta t ic  and 
dynamic conditions. 
e f f ec t s  w h i l e  the  bars  are assumed to  take only axial forces.  
combination of t ru s s  and connecting r ing  provides the  required ove ra l l  
simulation of longitudinal,  l a t e r a l  and tors iona l  s t i f fnesses .  The 
e n t i r e  cy l ind r i ca l  s h e l l  may be simulated by a number of these modules. 
As the  bars are pin-connected, the t ru s s  between adjacent r ings f o m  a 
discrete system. Thus, the  assemblage of t he  severa l  modules is 
precisely an assemblage of d i sc re t e  un i t s  and the  e n t i r e  truss-ring 
modeling analysis  can be deemed t o  be analogous t o  a f i n i t e  element 
approach 

The elastic r ing  w i l l  s imulate the  r a d i a l  
The 

The following sect ions d e t a i l  t h e  equivalent longitudinal,  
tors ional ,  bending and lateral s t i f fnes ses  of a module, 
simulation is not considered i n  t h i s  analysis ,  
s h e l l  buckling charac te r i s t ics  is a log ica l  extension t o  these 
analyses , 

Buckling 
The simulation of 
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7.1 .1  Geometry of Module Components 

A t y p i c a l  module (Fig. 7.2) cons i s t s  of a n  e l a s t i c  r i n g  and a 
number of pin-connected bars .  

Ring Trus J o i n t  

Figure 7 . 2  Geometry of Module Element 

The number of j o i n t s  attached t o  a r ing  is denoted by n and therefore  
t h e  number of bars  is equal t o  2n. Geometrical symmetry d i c t a t e s  
t h a t  a l l  bars  have i d e n t i c a l  length.  

The nota t ion  used i n  the  subsequent analyses of module s t i f f n e s s e s  
is: 

R = rad ius  of r i n g  c e n t e r l i n e  

n = number of j o i n t s  on one s i d e  of r ing ,  

d = l ong i tud ina l  d i s t ance  between r i n g  cen te r l ines ,  
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2 = length of t r u s s  bar ,  g2 = a2 + d2, 

a = 2R s i n  (a/2). 

A set of x, y, z axes are employed such t h a t  t h e  x-axis def ines  
t h e  longi tudina l  module d i r e c t i o n  and the  y and z axes def ine  t h e  
la teral  d i r ec t ions  (Fig. 7.2). The axial bar  fo rce  devia tes  from the  
module longi tudina l  axis by t h e  angle 8 and may therefore  b e  decomposed 
i n t o  x,  y and z components f o r  t he  ind iv idua l  s t i f f n e s s  analyses. 

7.1.2 LonRitudinal S t i f f n e s s  of a Module 

The longi tudina l  module s t i f f n e s s  is defined as t h e  longi tudina l  
fo rce  required t o  produce u n i t  longi tudina l  module deformation. The 
connecting r ings  are assumed r i g i d .  

The length  of a t y p i c a l  rod, expressed i n  terms of t h e  module 
length d and chord d i s t ance  between j o i n t s  a, is 

g2 = d2 + a2. 

The r e l a t ionsh ip  between the  v a r i a t i o n  i n  rod length 62 with 
change i n  module length  6d can be obtained from t h e  d i f f e r e n t i a t i o n  
of Equation 1 and is 

6R = (d/R) bd (2) 

The assumption of a r i g i d  r ing  d i c t a t e s  t h a t  t h e  dimension a remain 
constant. Assuming that t h e  deformation is wi th in  t h e  elastic 
range so that Hooke’s Law i s  appl icable  allows t h e  axial rod fo rce  t o  
be expressed as 

where t h e  axial s t i f f n e s s  of an ind iv idua l  rod is  

It is t o  be noted t h a t  no subsc r ip t  is used i n  Equation 4 as the  
rod area A, length 
f o r  a l l  rods. 

and material e l a s t i c i t y  E are assumed i d e n t i c a l  
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The long i tud ina l  component F of the axial rod f o r c e  can b e  ix computed from Equation 3 and is  

Fix = Fi(d/2) = k(d/!LI2 6d. (5) 

Each module c o n s i s t s  of 2n rods and the t o t a l  longi tudina l  module 
f o r c e  is 

FL = 2nFh = 2nk(d/a)2 6d. 

The long i tud ina l  module s t i f f n e s s ,  expressed i n  terms of t h e  rod 
s t i f f n e s s  and the  module geometry, is 

(7 1 2 kL = FL/6d = 2nk(d/R) . 
I n  model ana lys i s  i t  is convenient t o  employ the  concept of 

an  equivalent  elastic parameter. FOL long i tud ina l  extension t h e  
equivalent  longi tudina l  e l a s t i c i t y  AE of a module can be  defined 
as 

3 = kLd = 2nAE(d/!L) . 
Note t h a t  no forces  but  t he  long i tud ina l  r e s u l t a n t  f o r c e  of 
Equation 6 are required f o r  u n i t  longi tudina l  module deformation. 
This is a consequence of t he  assumptions of r i g i d  r i n g  and module 
symmetry. As the appl ied fo rce  and r e s u l t i n g  deformation a c t  i n  
the  same d i r ec t ion ,  t h e  longi tudina l  s t i f f n e s s  is def ined as a 
d i r e c t  s t i f f n e s s ,  The la teral  components of t h e  axial  rod forces  
are mutually cancel led due t o  t h e  symmetrical connections of t r u s s  
loads t o  r i n g  j o i n t s  and no cross -s t i f fness  terms exist. 

7.1.3 Torsional  S t i f f n e s s  of a Module 

The t o r s i o n a l  module s t i f f n e s s  is provided by the  a x i a l  tension 
and compression of t he  t r u s s  rods.  Again i t  is assumed that t h e  
r i n g  is  r5gid so that only a torque is required t o  produce twis t ing  
deformation. The t o r s i o n a l  s t i f f n e s s  is defined as t h e  torque 
required f o r  u n i t  tw i s t  angle  and can be  derived by r o t a t i n g  the 
r i g i d  r i n g  about t he  long i tud ina l  a x i s  through the  angle  68. 
pin- joint  a t tached a t  the  r i n g  circumference w i l l  t r a v e l  an arc 
d i s t a n c e  6a (Fig. 7.3) where 

The 

6a = R(63). (9 1 
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Figure 7 .3  Torsional Displacement of Truss 

R6B 

Triangle 

Since the  change i n  rod length 6R is  a function of b a  and the  module 
length d is invarient,  the d i f f e ren t i a t ion  of Equation 1 y ie lds  

The a x i a l  rod force F assuming that Hooke's Law is applicable,  is i' 

= k(6R) = kR(a/R) 68 Fi 

where k is as defined i n  Equation 4. 
i n to  two components; one i n  the  longi tudinal  d i r ec t ion  and the  other 
i n  t h e  plane of the  ring. 
moment about the  center of the  r ing  (Fig. 7.3) can be =pressed as 

This f'orce can be decomposed 

The latter, which produces a twist ing 
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The twis t ing  moment Ti developed by t h i s  f o r c e  is  

(13 1 L Ti = FiaR cos ( d 2 )  = k(Ra/k) cos (a/2)68. 

There are two rods associated with each p in  jo in t ;  one i n  
compression, t he  o ther  i n  tension. The longi tudina l  components of 
t h e  two rod fo rces  are mutually cancelled but  t h e  in-plane components 
Fia are equal i n  magnitude and act i n  t h e  same pro jec t ion  d i r e c t i o n ,  
Hence, the  t o t a l  twis t ing  moment T is 

(14) 
2 T = 2n Ti = 2nk(aR/R) cos ( a / 2 ) 6 0 ,  

and the  to r s iona l  s t i f f n e s s  is 

2 \ = T/68 = 2nk(aR/R) cos (a/2).  

The equivalent t o r s iona l  e l a s t i c i t y  is 

E = kTd = 2nAE(d;R) (aK/R) 2 cos ( a / 2 ) .  

The cance l l a t ion  of the  long i tud ina l  rod f o r c e  components a t  
an ind iv idua l  j o i n t  implies t h a t  t h e  t o r s i o n a l  s t i f f n e s s  is 
independent of t h e  longi tudina l  s t i f f n e s s .  Due t o  t h e  assumed 
symmetry of t h e  rods, t h e  twis t ing  fo rce  components provide ne i the r  
s e c t i o n a l  la teral  shear o r  bending deformations. 
s t i f f n e s s  i s  therefore  a d i r e c t  s t i f f n e s s .  

The t o r s i o n a l  

7.1.4 Bending S t i f f n e s s  of a Module 

The bending s t i f f n e s s  is defined as the bending moment required 
t o  produce a u n i t  r i n g  r o t a t i o n  about a diametric axis (Fig, 7.4a). 
The r ing  is assumed t o  be r i g i d .  The inf luence  of rod forces  w i l l  be  
discussed i n  a later sec t ion .  

The t r u s s  rods are assumed t o  be  arranged symmetrically about 
any diameter and it  follows t h a t  two n e u t r a l  axis pos i t ions  must be  
considered. The bending neu t r a l  a x i s  may e i t h e r  pass through the 
j o i n t s  (Fig. 7.4b) o r  l i e  between the  j o i n t s  (Fig. 7 . 4 ~ ) .  

In  order t o  e s t a b l i s h  t h e  moment required t o  produce 64 i t  is 
necessary t o  consider t he  a x i a l  deformation of t h e  t r u s s  rods. L e t  
t he  j o i n t s  be numbered counterclockwise as shown i n  Figure 7.4b. 
The i n i t i a l  j o i n t  is defined by t h e  angle a. and the  angle  between 
adjacent j o i n t s  is 2a. The j t h  j o i n t  is then defined by the  an 

B j  = 2ja  - 01 (17 1 
0 

M A R r E N  M A R E E I I A  CORPORATEON 
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where 01 
01 = a o i f  t h e  n e u t r a l  axis is as shown i n  Figure 7 . 4 ~ .  The 
dqstance of t h e  j t h  j o i n t  from t h e  n e u t r a l  axis is 

= 0 i f  t h e  n e u t r a l  axis is as shown i n  Figure 7.4b and 

and t h e  longi tudina l  displacement x is 
j 

x j  = Y j  64). 

It follows t h a t  the a x i a l  rod deformation a t  the  j t h  j o i n t  is 

and t h e  axial rod force,  assuming a l i n e a r  e l a s t i c  material, is 

where k is as defined i n  Equation 4.  
of F is 

The longi tudina l  component 

j 

(22) 

and, as the re  are two i d e n t i c a l  components a t  t he  j t h  j o i n t ,  
t h e  t o t a l  longi tudina l  j o i n t  fo rce  is 

2F = 2kyj (d/!L)26$. (23) jx 

F i g u r e  7.4  Bending Displacement of Truss-Ring Module 

MARTIN MARIE-A CORPORATION 
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The bending moment about t h e  n e u t r a l  axis produced by t h e  t o t a l  
j o i n t  f o r c e  can be  expressed as 

Mj = 2Fjlpj = 2k(yjd/AI2&$ 

and the  t o t a l  moment is 

n n/ 2 n/ 2 

M = Mj = 2 M j  4k(d/k)2 [ yj2] 64 

j =l j =I 

The sum may be  taken over ha l f  t h e  circumference because the  moments 
produced by t h e  j o i n t  forces  are symmetric about the  n e u t r a l  ax i s .  

The bending s t i f f n e s s  is 

n/ 2 

j =I 

2 
kB = M/6@ = 4k(Rd/A)2 s i n  (2 j a  - ao) 

and t h e  equivalent bending e l a s t i c i t y  can be  expressed as 

n/ 2 

(27 1 E I B  - = kBd = 4AE(d/A)(Rd/R)’ s i n  2 (2 j a  - clo)  

j =1 

The bending s t i f f n e s s  is a d i r e c t  s t i f f n e s s ,  However, i t  
should be noted t h a t  t h i s  bending s t i f f n e s s  couples w i t h  a lateral  
c ross -s t i f fness  as a lateral  f o r c e  i s  required t o  prevent la teral  
r ing  displacement under t h e  influence of t h e  bending moment. 
The formulation of t he  lateral  c ross -s t i f fness  is omitted. 

7.1.5 Lateral S t i f f n e s s  of a Module 

The lateral s t i f f n e s s  is defined as t h e  lateral r i n g  f o r c e  required 
to  produce u n i t  lateral  displacement. 
and a r i g i d  r i n g  is assumed. 

A l l  other displacements are zero 

MARI IN  MARIEWA CORPORATION 
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Consider the ha l f  c i r c u l a r  r i n g  and connecting j o i n t s  shown i n  
Figure 7 . 5 .  

a/2 

Figure 7.5 Lateral Displacement of Truss-Ring Module 

The i t h  j o i n t  a t t aches  t o  the  r ing  and the  j t h  j o i n t  a t t aches  t o  
t h e  adjacent r ing ,  It is evident that the  elongation of t h e  i t h  
bar due t o  la teral  displacement, 6y, is 

= 6y cos (8, - W 2 )  6ai 

6a = 6y cos (6 - W 2 ) .  ( 2 9 )  

(28) 

and the  compression of t h e  j t h  bar  is  

j j 

If the  t r u s s  rods and j o i n t s  a r e  numbered as shown i n  Figure 7.5, 
e i t h e r  Equation 28 o r  Equation 29 may be used t o  express ind iv idua l  
rod deformation provided t h a t  6 is r e s t r i c t e d  t o  
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The undeformed rod length has been given previously (Equation 1). 
A s  i t  is assumed t h a t  t h e  module length d is  held f ixed ,  d i f f e ren t i a -  
t i o n  of Equation 1 y i e l d s  

2R6Ri = 2a6ai o r  6Ri = (a/!?,) cos (Bi - a/2)6y. (31) 

The a x i a l  bar  force ,  assuming t h a t  t h e  deformation is wi th in  the  
elastic range so t h a t  Hooke's Law is appl icable ,  is 

where k is as defined i n  Equation 4.  
i n t o  two components; one i n  t h e  longi tudina l  d i r e c t i o n  and t h e  o ther  
along the  pro jec t ion  d i r e c t i o n  (Fig. 7.5). This l a t te r  component is 

This fo rce  can be decomposed 

The l a t e r a l  component of F is  then i a  

and the  t o t a l  la teral  force,  determined by summing t h e  rod fo rces  
over t he  quar te r -c i rc le  defined by Equation 30, i s  

n/ 2 n/ 2 

(35) F = 4 F = 4k(a/R)2 [c cos 2 (8, - a /2)  
Y i Y  

i=l 

The lateral  s t i f f n e s s  

k = Fy/6y = 4k(a/a)2 
Y 

and t h e  equivalent lateral 

L i=1 J 

can now be expressed as 

e l a s t i c i t y  as 

i=l 
The lateral  s t i f f n e s s  is a d i r e c t  s t i f f n e s s .  However, i t  should 
be noted t h a t  t h i s  lateral  s t i f f n e s s  couples with a bending cross- 
s t i f f n e s s  as a bending moment is  required t o  prevent r o t a t i o n a l  

MA R r E N  MA RIEITA CO RPO R A T E O N  
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r i n g  displacement under t h e  in f luence  of t h e  lateral  fo rce .  The 
formula t ion  of t h e  bending c ross - s t i f fnes s  is omit ted.  

7.1.6 Coupling Between Ci rcumferent ia l  and Longi tudinal  
Deformation 

The a n a l y s i s  of module long i tud ina l  s t i f f n e s s  (Sect ion 7.1.2) 
is  based upon t h e  assumption t h a t  t h e  t r u s s  r i n g s  are r i g i d .  I f  
t h e  r i n g  is  considered t o  be  e l a s t i c  t he  e f f e c t  of t h e  a x i a l  rod 
f o r c e  components which l i e  i n  t h e  plane of a t r u s s  r i n g  must b e  
considered.  

Consider a module subjec ted  t o  a l o n g i t u d i n a l  f o r c e  F. The 
l o n g i t u d i n a l  f o r c e  component i n  an  ind iv idua l  rod i s  

F ix  = F/2n (38) 

and t h e  component a long a chord p r o j e c t i o n  i n  the  r i n g  p lane  i s  

Fia = (F/2n) (a /d) .  (39) 

This  f o r c e  component can be  f u r t h e r  decomposed i n t o  two components. 
One of t h e s e  components i s  t a n g e n t i a l  t o  t h e  r ing ;  t h e  o t h e r  is  i n  
t h e  r a d i a l  d i r e c t i o n .  The t a n g e n t i a l  components of two rods which 
connect a t  a s i n g l e  j o i n t  are mutually cance l led  bu t  t he  r a d i a l  
components i n t roduce  c i r cumfe ren t i a l  deformation (Figure 7.6a) .  
The r a d i a l  f o r c e  component i n  a ind iv idua l  rod i s  

s i n  (a/2) = (F/2n)(a/d)  s i n  (a /2)  (40  1 - 
Fir - Fia 

and i t  fol iows t h a t  t he  t o t a l  r a d i a l  f o r c e  a c t i n g  on t h e  e l a s t i c  
r i n g  can  be  expressed as 

Fr = 2nFir = F(a/d)  s i n  ( a / 2 ) .  (41) 

This r e s u l t a n t  f o r c e  can be approximated as a d i s t r i b u t e d  
compressive f o r c e  a c t i n g  about t h e  circumference of t h e  r i n g  i f  
t h e  number of t r u s s  rods is  l a r g e  o r  t h e  chord p r o j e c t i o n  l eng th  
is s m a l l .  This  approximate uniform f o r c e  per  u n i t  l eng th  about  t he  
circumference is equal  t o  

MARTIN MARIETTA CORPORATION 
D E N  C E R  D I V I S I O N  



MGR-68-8 7 7-13 

\ 

Figure  7.6 Circumferent ia l -Longi tudinal  Coupling 

For a uniform t h i n  r i n g  the  c i r cumfe ren t i a l  fo rce  F (Fig. 7.6b) i s  
obviously equal  t o  C 

F C = PrR = (F/2T)(a/d) s i n  (O1/2) ( 4 3 )  

and t h e  u n i t  c i r cumfe ren t i a l  s t r a i n  i n  t h e  r i n g  can be expressed as 

E = F ~ / A ~ E ~  = (F/27rArEr) (a /d)  s i n  (a/2) ( 4 4 )  C 

where E 
This s t E a i n  s h h l d  be  equiva len t  t o  t h e  c i r cumfe ren t i a l  s t r a i n  of t h e  
s imulated s h e l l .  

and A d e f i n e  t h e  r i n g  e l a s t i c i t y  and c ross - sec t iona l  area. 

The change i n  rad ius ,  AR, is  equal  t o  t h e  t o t a l  c i r cumfe ren t i a l  
deformation d iv ided  by 2T, o r  

AR = 2TREC/2T =  RE^, ( 4 5 )  

MARTIN MARIE-A CORPORATION 
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Therefore,  t h e  u n i t  r a d i a l  s t r a i n  (which is equal  t o  AR div ided  
by t h e  undeformed r ad ius )  is  

The u n i t  l o n g i t u d i n a l  module s t r a i n ,  based upon t h e  equ iva len t  
l o n g i t u d i n a l  module e l a s t i c i t y  (Sect ion 7,1.2) can  b e  expressed as 

E = F / f i  = F / [ ~ I I ( ~ / % ) ~ A E ) ]  
X 

(47 1 

where f i  is def ined  i n  Equation 8 and AE d e f i n e s  t h e  e l a s t i c i t y  of 
a n  i n d i v i d u a l  t r u s s  rod. 

It should b e  noted t h a t  these r e s u l t s  are based upon t h e  
asgpmption t h a t  there is a l a r g e  number of t r u s s  b a r s  s o  t h a t  t h e  
concent ra ted  r a d i a l  j o i n t  f o r c e s  can b e  approximated y a uniformly 
d i s t r i b u t e d  fo rce .  The concepts  presented h e r e  are a l s o  a p p l i c a b l e  
t o  o the r  f o r c e  components such as those  which l e a d  t o  bending and 
t o  l a t e ra l  displacements .  The ex tens ion  of t h e  a n a l y s i s  t o  inc lude  
t h e s e  e f f e c t s  is omit ted here .  

7.1.7 

Proper s i rnulat ion of t h e  s h e l l  r i n g  modes r e q u i r e s  t h e  s imula t ion  
of c i r c u m f e r e n t i a l  bending s t i f f n e s s .  The bending s t i f f n e s s  of t h e  
r i n g s  can be expressed as 

E 1  = d D  r r  W 

where d = l o n g i t u d i n a l  d i s t a n c e  between r i n g  c e n t e r l i n e s ,  and 

D = bending s t i f f n e s s  of a c i r c u m f e r e n t i a l  s t r i p  of width w 
W f o r  the pro t o  type  shell .  

Appendix B p re sen t s  t h e  l i s t i n g  of a computer progr r i t t e n  
i n  FORTRAN I V  f o r  t h e  IBM 1130, t o  compute t ru s s - r ing  module 
parameters from f u l l - s c a l e  s h e l l  parameters.  

G 
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7 , 2  Use of Reinforced and St i f fened  She l l s  f o r  Simulation of 
Ortho t r o p i c  Cylinders 

Although t h e  s t r u c t u r e  t o  be  modeled is  a c y l i n d r i c a l  s h e l l ,  
the  following developments can b e  c a r r i e d  out  wi th  l i t t l e  regard 
t o  the  shape of t h e  s t r u c t u r e .  F l a t  p l a t e  elements are used and 
a l l  materials involved are assumed t o  obey the  general ized Hook’s 
l a w .  Bending and ex tens iona l  r i g i d i t i e s  f o r  an o r tho t rop ic  p l a t e  
are found and t h e  equivalent  o r tho t rop ic  p rope r t i e s  are expressed 
i n  terms of the  model s h e l l  geometry and cons t i t uen t  material 
p rope r t i e s ,  

7.2.1 Bending and Extensional R i g i d i t i e s  f o r  an Orthotopic 
P l a t e  _.__ 

An or tho t rop ic  p l a t e  is one which has  d i f f e r e n t  material prop- 
erties i n  two mutually perpendicular d i r e c t i o n s ,  
t h e  two d i r e c t i o n s  w i l l  be  r e fe r r ed  t o  as t h e  long i tud ina l  and 
t ransverse.  

I n  t h i s  s e c t i o n  

Hooke’s l a w  f o r  an o r tho t rop ic  p l a t e  is: 

= 51 C12Et “R 
“t c12 + c22Et 

3. 

‘Rt ‘66 Yk 
By applying d i r e c t  stresses i n  each of the two d i r ec t ions ,  t h e  
following set  of r e l a t i o n s  can be  obtained, 

I c22 - Ir 12 

cll 
Et 

E = - c12 = _.. R - -% Cll E t  

‘66 

cll % 
c22 Et % 
- = - a -  with 

( 4 9 )  

MAUTIN MAUIEmA CORPORATI0 
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Equations (49) can b e  r e w r i t t e n  t o  

1 
= 2 

( 5 1  c22 - 5 2  

o r  

1 
& =  

2> (51 c22 - 5 2  
t 

P -  
t Y R t  c66 TR 

g ive  s t ra in  i n s t e a d  of stress, 

(c22 5 2  O t )  

(-52 + cll a t )  

& = l  1 
t - (-FttR UR + at)  and y - - T Et i t  G Rt 

It can b e  seen  t h a t  t h e r e  are four  independent material p r o p e r t i e s  
necessary t o  desc r ibe  t h e  behavior  of a n  o r t h o t r o p i c  p l a t e .  These 
p r o p e r t i e s  are G and any t h r e e  of t h e  p r o p e r t i e s  i n  Equation (50). 
The ex i s t ence  of Equation (50) d i c t a t e s  t h a t  G must be  one of t h e  
independent p rope r t i e s .  

Consider t h e  bending of an  o r t h o t r o p i c  p l a t e  i n  t h e  l o n g i t u d i n a l  
d i r e c t i o n .  For small d e f l e c t i o n s  t h e  cu rva tu re  can be expressed by 

where w is t h e  l a te ra l  d e f l e c t i o n .  
a from t h e  middle s u r f a c e  is 

2 

The u n i t  e longa t ion  a d i s t a n c e  

- 2  u 
a.t2 

I n  o rde r  t o  main ta in  con t inu i ty  dur ing  bending t h e  t r a n s v e r s e  s t r a i n  
must be zero.  Therefore:  

TIE-A CORPORATTION 
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The t o t a l  bending moment can b e  obtained by i n t e g r a t i n g  t h e  bending 
stresses through t h e  th ickness  of t h e  p l a t e  

Tnerefore ,  t h e  bending r i g i d i t y  f o r  l o n g i t u d i n a l  bending is: 
3 

E h 

o r  

A similar t rea tment  f o r  bending i n  t h e  t r a n s v e r s e  d i r e c t i o n  y i e lds :  

EaEth3 
I 

Dt W E I l  - E t P t t )  

Expressions f o r  ex tens iona l  r i g i d i t i e s  i n  each of t h e  two 
d i r e c t i o n s  can be  obtained i n  much t h e  same manner, 

2 E, h 
x, 

Kg = 2 
EIl - E t u  R t  

EQEth 

- EtP Ilt 
2 Kt = 

7.2.2 Equivalent  P r o p e r t i e s  i n  Terms of t h e  Cons t i tuent  
Material P rope r t i e s  and S h e l l  Geometry 

MARTIN MARIE-' CORPORATION 
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Figs 7.7 Typical Model Section 

Nomenclature: 

matrix Poisson's ratio "m 
Em,Gm matrix moduli 

Ef *Gf fiber moduli 

Af fiber cross-sectional area 

h thickness of unreinforced shell 

t depth of circumferential stiff~ne~s 

Sl width of stiffeners 

S2 stiffener spacing 

S A  longitudinal fiber spacing 

St transverse (circumferential) fiber spacing 

R middle surface radius 

In order to derive an expression for the equivalent modulu ' in the longitudinal direction, a pseudo material is first developed, 

IE 
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This material cons i s t s  of an unstiffened p l a t e  with f i b e r s  i n  t h e  
t ransverse  d i r e c t i o n  only, The f i b e r s  are assumed t o  have a square 
cross-section with t h e  same area as t h e  a c t u a l  f i b e r ,  This simpli- 
fying assumption allows one to  assume a uniform strain d i s t r i b u t i o n  
on a plane tangent t o  t h e  f i b e r  and perpendicular t o  t h e  longi tudina l  
ax is .  Equilibrium is enforced across  t h i s  plane between adjacent 
elements with and without an  encased f i b e r ,  see Fig. 7.8, 

Figure 7 . 8  Unstiffened P la t e ,  Transverse F ibers  

The above conditions and assumptions lead  t o  t h e  following expre 
f o r  t h e  longi tudina l  modulus f o r  a material with t ransverse  
f i b e r s  only, 

b A = -  h Where 

Now, suppose t h a t  t h e  s t i f f e n e r s  are included and t h a t  t h e i r  
presence is accounted f o r  by allowing h t o  b e  replaced by an  
e f f e c t i v e  thickness E, such t h a t  equilibrium is  maintained between 
s t i f f e n e d  and unstiffened portions of t h e  s h e l l ,  

Then: h(S1 + S2)(h  + 2 t )  

= h(S1 + s2) + 2tS2 - 
and - StEm[XEf + (1 - A)Eml 

bE + (St-b)[XEf + (1-X)E ] m m 

MARTIN MARIE-A CORPORATION 
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b where x - - 
E 

The t o t a l  e f f e c t i v e  longi tudina l  modulus can now be obtained, 
using as t h e  matrix modulus f o r  longi tudina l  extension, The 
t o t a l  load i n  the  R d i r e c t i o n  w i l l  be t h e  sum of t h e  loads ca r r i ed  
by the  longi tudina l  f i b e r s  and t h e  matrix. 
t r i b u t i o n  is assumed. 

A uniform s t r a i n  dis- 

Therefore: 
- 
A 

A 

Af m - + E,=-= E a  = Ef x 

then 
w '  

Af 
L e t  

ae: - = - 3 S 

The der iva t ion  f o r  the extensional modulus i n  the  t ransverse  
d i r ec t ion  i g  similar t o  t h e  preceeding, however t h e  e f f e c t i v e  
thickness, h,  is replaced by h' ,  The new e f f e c t i v e  thickness is 
obtained by allowing t h e  s t i f f e n e r s  t o  be "smeared" over t he  p l a t e  
sur face  such t h a t  an equivalent area is offered t o  resist trans- 
verse loading. 

h(Sl + S2> + 2tS1 
h' = 

(S1 + s2) 

Then: - SREm[A'Ef + (l-A')Em] 
Et 

P 

bEm + ( S a  - b)[XEf + (l-h')E,] 

b and A' = Af 

AT Sth' 

where 
f jr  - E- 
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It has been demonstrated t h a t  t h e  ex tens iona l  modulus ch 
of t h e  orthogonal d i r ec t ions  is a funct ion of t h e  f i b e r  f r a  e 

Each material cont r ibu tes  t o  t h e  equivalent  modulus accord i  
i ts  percent of volume present ,  However, an equivalent  modulus 
derived from bending considerat ions depends upon the  donation of 
each cons t i t uen t  material according t o  its percent  of i n e r t i a  
present .  For t h i s  reason, two d i f f e r e n t  moduli r e s u l t ,  depending 
on the  mode of de f l ec t ion ;  an ex tens iona l  modulus and a bending 
modulus. I n  regard t o  t h e  r i g i d i t i e s  obtained i n  Sect ion 7.2.1, 
when t h e  product E I /I is not  a small quant i ty ,  t h e  appropr ia te  
modulus must be used i n  each r i g i d i t y  expression according t o  the  
implied d e f l e c t i o n  scheme, 

f f  

I n  order  t o  maintain consistency with t h e  de r iva t ion  of t h e  
longi tudina l  extensional  modulus, t h e  s t i f f e n e r s  aEe assumed t o  
inf luence  longi tudina l  bending i n  accordance with h. 
of compatible de f l ec t ions  and s lopes  of t h e  f i b e r s  and matr ix  
material during bending y i e l d s  t h e  following expression for t h e  
longi tudina l  bending modulus. Transverse f i b e r s  are assumed not 
t o  inf luence  longi tudina l  bending. 

Maintenance 

where Y g =  = - m p 3  
Transverse bending involves the  i n e r t i a  of t he  t ransverse  

f i b e r s  and s t i f f e n e r s .  The s t i f f e n e r s  are accounted f o r  by 
using the  equivalent  thickness ,  h ' .  
assumed i n e f f e c t u a l  during t ransverse  bending, 

Longitudinal f i b e r s  a r e  

where I f  3Af 
Y t ' F "  

m t h S 3  

Consider t he  following model, shown i n  Fig. 7.9, 

For a load appl ied i n  the  longi tudina l  d i r ec t ion ,  t h e r e  w i l l  be a 
corresponding s t r a i n  i n  t h e  t ransverse  d i r ec t ion ,  
propor t iona l  t o  t h e  long i tud ina l  s t r a i n .  The p ropor t iona l i t y  
cons tan t ,  o r  Poisson's r a t i o  MRt, can b e  obtained by enforcing 
t ransverse  equi l ibr ium between f i b e r  and matr ix  material and 
assuming a unifrom s t r a i n  d i s t r i b u t i o n  on a planeanywhere i n  
t h e  element, provided t h a t  i t  is  normal t o  t h e  t ransverse  ax is .  

which is 
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The d e r i v a t i o n  of 

F ig ,  7,9 Model of Element Reinforced i n  

For transverse equi l ibr ium,  

t 

Fig. 7.10 Nota t ion  of an Elem@nt  

2 where AI = h'St - b 

2 A2 = b 

2 A3 .D (h' - b)  St - b 

A4 = b(St  + b )  

The equi l ibr ium equat ion  becomes 

e + e  - e  1 3 t  With 

~ A ~ ~ E N  E E  
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2 2 Therefor e : 
Em(h'St-b ) + Efb 

2 u, (SR-b) + b 
Em[ (h'-b)St-b I + Ef [bISt+b) 1 %t = z- R 

The method f o r  determining an expression f o r  t h e  equivalent 
shear modulus is  analogous t o  t h a t  used f o r  t h e  equivalent 
extensional moduli . A pseudo material is  developed f o r  each 
orthogonal d i r e c t i o n  which includes the  e f f e c t s  of resistance t o  
shear i n  t h e  d i r e c t i o n  of each f i b e r  ax i s  only, A uniform s t r a i n  
d i s t r i b u t i o n  is assumed on a plane tangent t o  t h e  f i b e r  and 
perpendicular t o  t h e  plane, and equilibrium is enforced across 
t h i s  plane, For the  t o t a l  equivalent shear modulus t h e  shear  moduli 
of t h e  pseudo materials are used as the  mat r ix  shear  modulus i n  
the  appropriate d i r ec t ion ,  See Fig* 7.11 f o r  no ta t ion ,  

Fig. 7.11 Shears on an Element of Composite 

For equilibrium, 

- PRSR 

with 
= 'I S h? and PR = TRSth' Pt t R 
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Pt  = Gfytb2 + Gtyt(SRh'-b 2 ) = TtSRh' 

= GfyRb2 + GRyR(Sth'-b 2 ) = rRSth' 
PR 

The t o t a l  shea r  s t r a i n  is 

Theref ore ,  

2[Gfb2+Gt(Sah'-b2) 1 [Gfb 2 +GR(Sth'-b 2 ) I  

2 2 2 2 G =  
SRh'[Gfb +GR(Sth'-b ) ]  + Sth'[Gfb +Gt(SRh'-b ) ]  

where, 
S tGm [ Gf A1'+Gm (1-A") ] 

P 

Gt bGm+(St-b) [GfA"+G m (1-A") I 
S aGm [ G x"+Gm ( 1-A") ] 

P 

GR bGm+(Sll-b) {Gfh"+G m (1-A") 1 

b A" I - 
h'  and 

I n  r e t r o s p e c t ,  i t  should b e  mentioned that; t h e  preceeding 
a n a l y s i s  involves  s impl i fy ing  assumptions which should remain t r u e  
f o r  small displacements  of t h i n  p l a t e s  (o r  s h e l l s ) ,  The i n t e n t  of 
t h e  a n a l y s i s  is t o  provide r e l a t i v e l y  s imple,  b u t  meaningful 
expressions f o r  t h e  equiva len t ,  o r t h o t r o p i c  p r o p e r t i e s ,  Model 
geometry and c o n s t i t u e n t  material p r o p e r t i e s  are parameterized i n  
order  t o  reproduce prescr ibed  equiva len t  p r o p e r t i e s ,  
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8. APPLICATION TO SPACE STRUCTURES 

The des ign  and development of f l e x i b l e  o r b i t a l  s t r u c t u r e s  
proposed f o r  the f u t u r e  w i l l  r e q u i r e  an a c c u r a t e  p r e d i c t i o n  of t h e  
s t r u c t u r a l  deformations and dynamic loads  encountered i n  a space  
environment. Some of t h e  t y p i c a l  conf igu ra t ions  t h a t  may b e  
deployed during t h e  next: decade are: 

a. 

b .  

Orb i t ing  space  s t a t i o n s  such as t h e  Apollo Appl ica t ions  
Program (AAP) O r b i t a l  Workshop and t h e  Manned O r b i t a l  
Laboratory (MOL). The maximum dimension of such s t a t i o n s  
may b e  s e v e r a l  hundred m e t e r s ;  

Dish antennas o r  r ad io  te lescopes  wi th  maximum dimensions 
of s e v e r a l  hundred meters; very l a r g e  r a d i o  te lescopes  wi th  
t y p i c a l  dimensions of several thousand meters. 

The longes t  c h a r a c t e r i s t i c  elastic per iods  of t h e s e  s t r u c t u r e s  
may range from approximately 5 seconds f o r  t h e  manned space s t a t i o n s  
t o  va lues  g r e a t e r  than  1000 seconds f o r  t h e  r a d i o  te lescopes .  The 
dynamic d is turbances  which in f luence  t h e s e  l a r g e  a r t i f i c i a l  satell i tes 
are, i n  many ins t ances ,  of a magnitude t h a t  is i n s i g n i f i c a n t  i n  t h e  
a n a l y s i s  of cu r ren t ,  r e l a t i v e l y  s t i f f ,  space  s t r u c t u r e s .  

The dynamic behavior of AAP and MOL class space  s t a t i o n s  is 
cha rac t e r i zed  by t h e  i n t e r a c t i o n  between va r ious  dynamic d is turbances  
inc luding  elastic deformations,  r i g i d  body motions and l i q u i d  motions. 
The dynamic behavior  of l a r g e  antennas o r  r a d i o  t e l e scope  s t r u c t u r e s ,  
deployed and s t a b i l i z e d  by c e n t r i f u g a l  fo rces ,  can b e  a f f e c t e d  by t h e  
i n t e r a c t i o n  between t h e  geomagnetic f i e l d  and induced c u r r e n t s .  
Addi t iona l ly ,  thermal  d i s t o r t i o n s  and d i s t o r t i o n s  induced through 
photon p res su re  and the i n t e r a c t i o n  of s p i n  rate wi th  t h e  g r a v i t y  
g rad ien t  may produce apprec i ab le  elastic deformations.  

An i n d i c a t i v e  (but no t  dimensionless) parameter t h a t  may be  used 
t o  d e f i n e  t h e  regimes of dynamic model s imula t ion  f o r  v i b r a t i o n  t e s t i n g  
is t h e  logari thm of t h e  quo t i en t  of t h e  c h a r a c t e r i s t i c  maximum pro to type  
dimension d iv ided  by t h e  square  of t h e  fundamental p ro to type  frequency, 
l o g  (k / f2 ) .  Table  8.1 shows approximate model s imula t ion  regimes. The 
c h a r a c t e r i s t i c  dimension is  measured i n  meters and t h e  frequency i n  
Hertz.  
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Table 8.1 

S ca 1 ing Param et er 

Approximate Model Simulation 
Regimes f o r  Vibrat ion Test ing 

Method of Dynamic 
Simulation 

Predominately f u l l -  
scale t e s t ing ;  some 
r e p l i c a  scale models 

Direct geometric 
models; some d i s t o r t e d  
geometric models 

General geometric 
models (geometric 
s imulat ion,  d i s t o r t e d  
phys ica l  p rope r t i e s )  

Completely d i s t o r t e d  
models 

Configuration 
App l i cab i l i t y  

Small Launch Vehicles 

AAP, MOL, e tc . ;  
Large Launch Vehicles 

100-Meter Antenna, etc. 

1500-Meter Radio Tele- 
scope, etc. 

8.1 Scal ing of Manned O r b i t a l  Configurations 

The use of d i r e c t  geometric scaling using similar materials is, 
i n  genera l ,  f e a s i b l e  f o r  t hese  configurat ions.  This r e p l i c a  s c a l i n g  
w i l l  automatical ly  s a t i s f y  s t r u c t u r a l  s c a l i n g  l a w s  bu t ,  unfor tuna te ly  
is r e s t r i c t e d  by manufacturing and to l e rance  con t ro l  l i m i t a t i o n s  t h a t  
arise i n  s m a l l  s c a l e  models. Also, r e p l i c a  s c a l i n g  cannot b e  used t o  
s imula te  s lo sh  e f f e c t s .  These l i m i t a t i o n s  are discussed i n  Chapter 9 .  
I n  those areas where d i r e c t  r e p l i c a  s c a l i n g  is not  poss ib le ,  equivalent  
d i s t o r t e d  s c a l i n g  techniques must be considered. Dis tor ted  s c a l i n g  of 
she l l - l i ke  s t r u c t u r e s  is  discussed i n  Chapter 7. The equivalent  
d i s t o r t e d  s c a l i n g  techniques must be  c a r e f u l l y  analyzed t o  ensure t h a t  
the  por t ion  of t h e  s t r u c t u r e  simulated by these  techniques w i l l  deform 
i n  a manner similar t o  the  prototype. Dis tor ted  s c a l i n g  usua l ly  
neglec ts  some sca l ing  parameters t h a t  are not  important t o  the  simula- 
t i o n  of an ind iv idua l  phenomonon i n  order  t o  preserve t h e  more important 
parameters. 
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8.2 Scal ing of Antennas and Radio Telescopes 

The o v e r a l l  complexity and relat ively small dimensions of  t h e  
ind iv idua l  s t r u c t u r a l  members of t hese  conf igura t ions  precludes 
the  use of r e p l i c a  sca l ing .  Adequate component: s t r eng th  f o r  assembly 
and t e s t i n g  i n  the  1-g e a r t h  environment r equ i r e s  a much s t i f f e r  
s t r u c t u r e  than would r e s u l t  from d i r e c t  s ca l ing .  Frequencies of 
t h e  model s t r u c t u r e s  t y p i c a l l y  should exceed by one o r  two o rde r s  
of magnitude t h e  frequencies  which r e s u l t  from d i r e c t  s ca l ing .  
Model masses may be  two t o  four  orders  of magnitude higher  than t h e  
equivalent  d i r e c t l y  sca l ed  masses. In general ,  i t  should b e  poss ib l e  
t o  cons t ruc t  a l imi t ed  d i s t o r t e d  dynamic model t h a t  preserves  t h e  
o v e r a l l  geometry bu t  does not reproduce exac t ly  t h e  l o c a l  geometries 
of the  prototype. 

Because the s t r u c t u r a l  f requencies  of l a r g e  o r b i t a l  s t r u c t u r e s  
are very low, the  elastic v i b r a t i o n  modes w i l l  couple wi th  the  g rav i ty  
grad ien t  induced mode (Ref 8.1). 
the  e x c i t a t i o n  caused by l o c a l  v a r i a t i o n s  of t h e  geocent r ic  g r a v i t y  
f i e l d .  I n  add i t ion  to g r a v i t y  grad ien t  e f f e c t s ,  l a r g e  s t r u c t u r a l  
deformations may b e  caused by per iodic  thermal expansion and by t h e  
inc ident  s o l a r  wind. 

These modes w i l l  a l s o  respond t o  

MacNeal (Ref 8.2) discusses  s e v e r a l  of t hese  e f f e c t s  i n  re la t ion 
t o  a t yp ica l  1500-meter rad io  te lescope  and concludes t h a t  t h e  m a x i m u m  
t o t a l  photon pressure  load is approximately 1/15 of t h e  axial  component 
of tens ion  i n  the  s p i r a l  f i b e r s  due t o  sp in .  Further ,  when it  is assumed 
t h a t  t h e  r a t i o  of f i b e r  stress t o  axial load is t h e  same f o r  t h e  t w o  
condi t ions,  the  r e s u l t i n g  r e f l e c t o r  stresses are approximately t e n  
t i m e s  t he  stress due t o  the  g rav i ty  grad ien t .  A comprehensive inves t i -  
ga t ion  of g rav i ty  gradient-induced stresses i n  a n  axisymmetric body 
r o t a t i n g  about a n  a x i s  perpendicular t o  the  o r b i t a l  p lane  can b e  
found i n  Reference 8.3. 

8 . 2 . 1  Simulation of Thermal Ef fec ts  

The thermal modeling a n a l y s i s  of space s t r u c t u r e s  is  based upon the 
assumption t h a t  t he  s t r u c t u r e  is opera t ing  i n  a high vacuum environ- 
ment. Therefore, t h e  only thermal cons idera t ions  are h e a t  t r a n s f e r  by 
r a d i a t i o n  and heat conduction wi th in  the  s t r u c t u r e .  

The func t iona l  expression f o r  t h e  rate of i n t e r n a l  heat production 
is 
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3 
where q = rate of i n t e r n a l  hea t  product ion/uni t  volume, Q/L T 

k = thermal conduct ivi ty ,  Q/LTR 

H = r a d i a t i o n  i n t e n s i t y ,  Q/L T 
2 

3 c = heat  capac i ty /uni t  volume, Q/L R 

(3 = Stefan-Boltzmann constant ,  Q/L TR 
2 4  

E = emiss iv i ty ,  

= abso rp t iv i ty ,  

9, = c h a r a c t e r i s t i c  length,  L 

t = time, T 

T = temperature, R. 

The b a s i c  v a r i a b l e  dimensions (Q, L, T,  R) y i e l d  s i x  
independent s c a l i n g  r e l a t i o n s  

IT = a*  IT^ = kt/c!L 2 2 ITl = E, 

Other sets of non-dimensional groups might be  obtained from. 
the  fundamental expression. 
f o r  dynamic s c a l e  modeling as each term, where poss ib le ,  contains  
the  c h a r a c t e r i s t i c  length  parameter ( a ) .  Thus, i t  is poss ib le  t o  
r e l a t e  the  s e v e r a l  s ca l ing  parameters t o  the  model-to-prototype 
s c a l e  f a c t o r .  

This group is  p a r t i c u l a r l y  convenient 

Two methods of thermal s imulat ion can be developed. These methods 
are: 

a .  Maintain i d e n t i c a l  temperature time h i s t o r i e s  f o r  model (m) 
and prototype (p) with no material r e s t r i c t i o n s ,  o r  

b .  Maintain i d e n t i c a l  materials f o r  model (m) and prototype (p) 
and p red ic t  t h e  temperature time h i s t o r i e s .  
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The s i m i l i t u d e  requirements f o r  t h e  two cases, develope 
IT through IT are presented i n  Table 8.2. The parameter n de f ines  
tke l eng th  scale f a c t o r ,  n = !tm/2 6' 

P' 

Table 8 .2  Thermal Modeling S imi l i t ude  Requirements 

Temperature Time 
His tory  I d e n t i c a l  

Tm/T = 1 
P 

Materials I d e n t i c a l  

H ~ / H ~  = 1 

km/kp = 1 

Qm/qp = l / n  

a = a  = u  p* m p' Om p Em = E 

km/k = 1 
P 

cm/cp = 1 

2 tm/tp = n 

-1/ 3 -cmh = n 
P 

-713 

-41 3 
q q p  = n 

Hm/Hp = n 

The concept of maintaining i d e n t i c a l  temperature t i m e  h i s t o r i e s  
appears  t o  b e  advantageous where s t eady  s ta te  temperature condi t ions  
are involved. The advantage of e i t h e r  method is not  obvious when 
t r a n s i e n t  thermal condi t ions  are considered.  A complete d i scuss ion  of 
thermal s i m i l i t u d e  requirements f o r  s p a c e c r a f t  models can  b e  found 
i n  Reference 8.4.  

8 .2 .2  Simulat ion of Gravi ty  Gradient  E f fec t s  

The n e c e s s i t y  t o  scale t h e  in f luence  of t h e  g r a v i t y  g r a d i e n t  
on l a r g e  space  s t r u c t u r e s  depends upon t h e  o s c i l l a t o r y  per iod  of t h e  
fundamental mode. When t h i s  per iod  exceeds about  1000 seconds,  t he  
o r b i t a l  s t r u c t u r e  cannot b e  regarded as a n  independent system. 
h igher  s t r u c t u r a l  f requencies  t h e r e  is s u f f i c i e n t  frequency separa- 
t i o n  between elastic v i b r a t i o n s  and g r a v i t y  gradient-induced r ig id -  
body o s c i l l a t i o n s  and t h e  coupl ing between t h e s e  two types of modes 
can be  d is regarded .  

A t  
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Consider, f o r  example, a beam-like s i n g  about  
er of mass (Pig. 8.1). A c i r c u l a  

\ \  
Figure 8.1 Beam-Like Space S t r u c t u r e ,  C i r c u l a r  Orbi t  

\ 

The l o n g i t u d i n a l  s t r u c t u r a l  deformation can b e  expressed i n  
f u n c t i o n a l  form as 

6 = f ( m ,  R, AE, $ #  aG/aR, -rCr t) 

where 6 = l o n g i t u d i n a l  deformation, L 

R = characteristic length ,  L 

/T2 

~ A R ~ B ~  I€-A 60 A TI 
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T = o r b i t a l  per iod,  T 

t = t i m e ,  T. 

The f u n c t i o n a l  r e l a t i o n s h i p  con ta ins  e i g h t  v a r i a b l e s  i n  t h r e e  
b a s i c  dimensions. 
non-dimensional s c a l i n g  r e l a t i o n s  exist. 

The p r i n c i p l e s  of Chapter 3 i n d i c a t e  t h a t  f i v e  
They are 

7T = t$, 2 2  
3 T = mR 9 /AE, 2 7T = 6/R, 1 

The s c a l i n g  r e l a t i o n s h i p s  obta ined  from t h e  above can b e  expressed 
i n  terms of the l eng th  scale (n = Rm/Rp) and the material p r o p e r t i e s  as 

t I t P  = Tm/Tp = *p/*m9 m 

The 
g r a d i e n t  
i s  shown 

use of a c e n t r i f u g e  for model s imula t ion  of t h e  g r a v i t y  
is considered t o  b e  f e a s i b l e .  A p o s s i b l e  test conf igu ra t ion  
schemat ica l ly  i n  F igure  8.2 

Model 

/ 
/ 

i 
\ 
\ / 

/ 

Figure  8.2 Cent r i fuge  f o r  Gravi ty  Gradient Simulation 
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The des i red  model g rav i ty  g rad ien t  def ines  the  required 
cen t r i fuge  ve loc i ty ,  

The period sca l ing ,  defined by the  above expression and IT5, is 

and the  ve loc i ty  s c a l i n g  is  

The s t i f f n e s s  sca l ing ,  from 7T is 2’ 

An add i t iona l  angular  ve loc i ty ,  Qm, must b e  appl ied i n i t i a l l y  
t o  the  model t o  compensate for t he  r e l a t i v e  motion between model 
and a r t i f i c i a l  g rav i ty  g rad ien t  vector .  This ve loc i ty  i s  

52 = R + U T m .  m 
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9, LLMITATIONS AND ECONOMICS OF DYNAHIC MODELS 

9-1 

The following sect ions define some of the  major l imitat ions 
associated with the  simulation of f u l l  scale dynamic charac te r i s t ics  
and the economic aspects of model design and construction, 

9.1 $imitat ions 

i) Manufacturing limitations--for very small sca l e  fac tors  
it becomes very d i f f i c u l t  t o  reproduce exactly the  loca l  
geometry of the f u l l  scale configuration; errors  due t o  
material tolerances are increased, 

i i )  Non-linear s t ruc tu ra l  effects-at ce r t a in  loads conditions 
loca l  skin buckling may occur, 

iii) Aerodynamic effects-direct scaling of aerodynamic e f f ec t s  
may not be possible under cer ta in  test conditions, 

9 , l . l  Manufacturing Limitations 

The reproduction of launch vehicle configurations t o  small 
sca l e  fac tors  is r e s t r i c t ed  by the manufacturing l imitat ions,  
Scale fac tors  as low as 0,30 should cause no manufacturing problems 
for  current launch vehiele configurations; a t  smaller sca l e  it 
becomes increasingly more d i f f i c u l t  t o  reproduce exactly the  loca l  
geometry of s t i f fened she l l s ,  truss-l ike s t ructures ,  and propellent 
tank walls. In addition, r i v e t s  and other fas teners  becume 
unreasonably small and the assembly of components by welding is no 
longer possible. 
of the prototype Saturn V vehicle,  Typical second s tage tank 
geometry and second-to-third s tage adapter geometry (Ref 9,l) are 
shown i n  Figures 9.1 and 9.2, Note tha t  a t  10% scale factor  sk in  
thicknesses less than 0,005" wou3.d be realized i n  a model tha t  is 
almost 40' high. 

An excellent example is found through examination 

In  order t o  keep model manufacturing coats  within allowable 
limits, it is usually necesaar-g t o  work with commercially avai lable  
stock and thus eliminate cost ly  manufacturing processes, 
on avai lable  stock materials l imi t  the  accuracy of model calculations 
and the  use of such stock introduces increasingly serious l imitat ions 
as t he  proposed scale fac tor  is diminished, 
minimized by se lec t ive  s iz ing  of stock and by measuring the ac tua l  
dimensions of the  scaled s t ruc ture ,  

Tolerances 

The problem can be 

MARTIN MA R B E - A  CORPORAT8O N 
D E N V E R  D I V I S I O N  



9-2 MCR-68-87 

Prototype Dimensions, Inches 

b = 9.93 a = 0.365 

ts = 0.167 

t = 0.048 s t  

hst = 1.21 

I t I 

Figure 9.1 Tank Wall P rope r t i e s ,  Second Stage,  Saturn V 

- 

I 

t 
S 

I-- -( 

I Prototype Dimensions, Inches 

b = 4.5Q a = 0.816 

hst = 1.360 

c = 1.360 

ts = 0.068 

tst = 0.0714 

Figure 9.2 Adapter P rope r t i e s ,  Second t o  Third Stage,  Saturn V 
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9.1.2 Non-Linear S t ruc tu ra l  Ef fec ts  

Several ex i s t ing  d i r e c t l y  sca led  models have exhibited a high 
degree of f i d e l i t y  i n  t h e i r  a b i l i t y  t o  reproduce accura te ly  t h e  
dynamic c h a r a c t e r i s t i c s  of t h e  prototype vehicle;  t h e  two b e s t  
examples being t h e  lO%-scale Saturn V (Re% 9.2) and t h e  20%-scale 
Ti tan  I11 (Ref 9.3) models. However, while t hese  models have 
exhibited exce l len t  o v e r a l l  dynamic reproduction of t h e i r  f u l l -  
scale counterparts,  i n  c e r t a i n  instances they have a l s o  exhibited 
certain of t h e  l i m i t a t i o n s  of t h e  d i r e c t  s ca l ing  approach. The 
necess i ty  t o  reproduce t h e  s h e l l  s t r u c t u r e  which comprises a major 
por t ion  of t h i s  type of configuration requi res  t h a t  t he  model be  
r e l a t i v e l y  la rge .  Nevertheless, i n  c e r t a i n  areas of t h e  veh ic l e  
t he  r e s u l t i n g  s k i n  gages may s t i l l  be  inadequate t o  resist t h e  
assembly stresses caused by t h e  in t eg ra t ion  of s eve ra l  components 
i n t o  the  complete model, Imperfections of t h i s  type are inev i t ab le  
when d i r e c t  geometric s ca l ing  is employed and it may be necessary 
i n  the f u t u r e  t o  consider s ca l ing  techniques whereby d i r e c t  
s ca l ing  is applied t o  those areas of t h e  veh ic l e  where s k i n  gage 
w i l l  permit and o ther ,  more cri t ical  areas employ d i s t o r t e d  
sca l ing .  

9-3 

9.1 . 3 Aerodynamic Effec ts  

The d i r e c t  s ca l ing  ha8 only l imi ted  app l i ca t ion  i n  t h e  area 
of aerodynamic t e s t i n g  due primarily t o  t h e  r e s t r a i n t s  imposed by 
ava i l ab le  tunnel f a c i l i t i e s ,  
o s c i l l a t i o n s  on a Ti tan  I11 model (Ref 9.4) i l l u s t r a t e s  t h i s  point.  
A 7.5% dynamically scaled model of t h e  Ti tan  I11 vehic le ,  trans- 
por te r  launch frame and umbilical  mast was constructed i n  add i t ion  
t o  a 7.5% geometrically sca led  model of t h e  umbilcal tower, The 
model simulated t h e  mode shape and frequency c h a r a c t e r i s t i c s  of 
t he  f u l l  scale launch vehicle,  umbilical mast and t ranspor te r .  

The inves t iga t ion  of wind-induced 

The requirements f o r  accura te  dynamic sca l ing  of t h i s  type 
of model are: 

Matched Reynolds Number; 

Matched Strouhal Number; w a  s = -  v '  

and matched model t o  a i r  dens i ty  r a t i o ,  
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However , t h e  tunnel h p o s  ch 
Center, 16-foot t ransonic  t u  
Freon 1 2  as t h e  test m e d i u m  were8 

and i t  w a s  therefore  not pos 
unfueled veh ic l e  without exc 
A compromise i n  t h e  form of 
o r  mass d i s t r i b u t i o n  w a s  nec 
being the  least severe, It 
number of t h e  model test i n  
than t h e  t r u e  f l i g h t  condition ( in  t h e  w i n d ~ i ~ u c e d  
test i t  w a s  45% of t h e  fu l l - s ca l e  value) bu t  t h e r e  
can be done t o  a l l e v i a t e  t h  
chosen t o  make t h e  Reynolds 
fu l l - s ca l e  value w i l l  seldom be  approached, 

9.1.4 St ruc tu ra l  Damping Effec ts  

S t r u c t u r a l  damping 
only on t h e  type of cons 
i n  the  j o i n t s  caused by 
s t r u c t u r a l  items mounted on primary s 
is ava i l ab le  on modal damping of mode 
s t a t i s t i c a l  evaluation is possible,  
set of damping r a t i o s  w a  
v ib ra t ion  test (Ref 2.3) 
t h e  trend of damping rat 
No f u l l  s c a l e  correspond 
no conclusions can be  d r  
model damping coe f f i c i en  
dynamically similar mod 
ab le ,  This f a c t  become s 
are d e a l t  with where no 

9.2 

It does not seem l o g i c a l  t o  design and f a b r i c a t e  a mod 
whose o v e r a l l  cos t  is  g rea t e r  than t h a t  of 

misleading and even inco r rec t  da t a  due t o  
f i c a t i o n s  which y i e ld  an  inco r rec t  dynamic simul 

other hand the  manufacture of an  inexpensi n 

T 6  
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f u l l  scale s t ruc turer  It become8 es sen t i a l  t o  consider the overa l l  
optimization of the econonic s i t ua t ion  in order to achieve a 
realietic model test program - a program yielding reeultsr within 
prescribed tolerance l eve l s  and, a t  the same tinre, a program within 
allowable budgetary limits b 

The study of t he  economics of dynamic model tes t ing  may, i n  
a very general sense, be  divided in to  four major categories8 

i) Model design and construction 

i i )  Required test f a c i l i t i e s ,  equipment and instrumentation 

iii) Model tes t ing  

iv)  Data acquis i f ion and analysis. 

Approximately 30 e l a s t i ca l ly  scaled dynamic models of 
a i r c r a f t  and launch vehicles were surveyed t o  es tab l i sh  dynamic 
modeling costs.  
t o t a l  cost  of model, estimated engineering coat, material cost ,  
and a measure of simulation qualiry (the approximate number of 
modes simulated by the model). 
of construction and the approximate number of modes simulated, 
ra ther  than model. s i z e  o r  weight, defined model costsib 
of the r e su l t s  of this survey i s  shown i n  Figure 9.3, 

D a t a  collected included method of construction, 

It w a s  established that the  method 

The summary 
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10, CONCLUSIONS AND RECOMNENDATIONS 

A comprehensive summary of t h e  dynamic s c a l i n g  l a w s  a p p l i c a b l e  
t o  c u r r e n t  launch v e h i c l e  conf igu ra t ions  is  presented.  Primary 
cons ide ra t ion  is d i r e c t e d  t o  t h e  s tudy of direct geometric s c a l i n g  
using similar materials ( r e p l i c a  s c a l i n g )  a l though,  where app l i cab le ,  
c e r t a i n  d i s t o r t e d  s c a l i n g  techniques are considered,  

A review of the cu r ren t  s ta te -of - the-ar t  regard ing  launch v e h i c l e  
dynamic models i n d i c a t e s  t h a t  t h e  several v i b r a t i o n  survey models 
used t o  e i t h e r  augment o r  r ep lace  t h e  usua l  a n a l y t i c a l  i n v e s t i g a t i o n  
have exhib i ted  f a i t h f u l  dynamic r ep resen ta t ion .  Addi t iona l ly ,  
dynamic models used f o r  a e r o e l a s t i e  i n v e s t i g a t i o n s  (e .g ,  wind- 
induced o s c i l l a t i o n s ,  b u f f e t )  have y ie lded  s a t i s f a c t o r y  r e s u l t s  i n  
view of t h e  l i m i t i n g  condi t ions  imposed by a v a i l a b l e  wind tunne l s .  
A more ex tens ive  i n v e s t i g a t i o n  of aerodynamic s c a l i n g  and t h e  
r e s t r i c t i o n s  imposed by t h e  f a i l u r e  t o  exac t ly  match a l l  t h e  requi red  
s c a l i n g  parameters is recommended. 

A simple mat r ix  procedure which r e g u l a r i z e s  t h e  d e r i v a t i o n  of 
s c a l i n g  parameters t o  t h e  e x t e n t  t h a t  they can  b e  developed through 
d i g i t a l  computer a n a l y s i s  i s  d e t a i l e d .  This  procedure has  no known 
previous a p p l i c a t i o n  and is considered t o  b e  a s u b s t a n t i a l  improve- 
ment over  e x i s t i n g  methods. Most of t h e  s c a l i n g  parameters presented 
h e r e  w e r e  developed using t h i s  procedure.  

The s c a l i n g  l a w s  a p p l i c a b l e  t o  beam-like s t r u c t u r e s  are 
summarized and t h e  advantage of r e p l i c a  s c a l i n g ,  where poss ib l e ,  is  
emphasized. Simulat ion of uncoupled bending o r  t o r s i o n a l  v i b r a t i o n  
is discussed and i t  i s  concluded t h a t  r e p l i c a  s c a l i n g  is ,  where 
v i s c o e l a s t i c  materials are concerned, impossible .  An i n v e s t i g a t i o n  
of p r o p e l l a n t  s l o s h  e f f e c t s  i n  beam-like tanks  i n d i c a t e s  t h e  
f e a s i b i l i t y  of s imula t ing  boost  a c c e l e r a t i o n  l e v e l s  i n  a 1-g test  
environment through t h e  proper adjustment  of phys i ca l  p r o p e r t i e s  
and t i m e  s c a l e .  A s tudy  of l oad  and response s c a l i n g  i n d i c a t e s  t h a t  
geometric s i m i l a r i t y  i s  n a t  requi red  t o  s imula t e  these  phenomena, 

Simulat ion requirements €o r  s h e l l - l i k e  s t r u c t u r e s  inc lud ing  
i s o t r o p i c  and o r t h o t r o p i c  c y l i n d r i c a l  s h e l l s  are summarized e This  
summary inc ludes  a s tudy  of coupled e l a s t i c - s l o s h  modes and i t  is 
concluded t h a t  d i s t o r t e d  s c a l i n g  is  requ i r ed  i f  s m a l l  scale models 
are used t o  s imula t e  t h e  boos t  a c c e l e r a t i o n  environment. The need 
f o r  f u r t h e r  i n v e s t i g a t i o n  of p o s s i b l e  cons t ruc t ion  techniques t o  
s i m u l a t e  s l o s h - e l a s t i c  coupl ing is  c l e a r l y  i n d i c a t e d .  
program t o  b u i l d  and test such a model, poss ib ly  us ing  p l a s t i c s  
loaded wi th  m e t a l  powder and heavy l i q u i d s  as t h e  s imulated 
p r o p e l l a n t s  is recommended. 

An experimental  
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Scal ing  l a w s  a p p l i c a b l e  t o  t h e  s imula t ion  of both uncoupled 
and e l a s t i c a l l y  coupled la teral  p rope l l an t  s l o s h i n g  are developed 
and i t  is concluded that  an  a r b i t r a r y  pro to type  a c c e l e r a t i o n  can 
b e  s imula ted  w i t h  an a p p r o p r i a t e  adjustment  of t h e  t i m e  s c a l e .  
The d i f f i c u l t y  is main ta in ing  exact s i m i l i t u d e  i n  a l l  s t r u c t u r a l  
parameters, due p r imar i ly  t o  manufacturing l i m i t a t i o n s  imposed 
upon s m a l l  scale models, is emphasized. Sca l ing  requirements  f o r  
s imultaneous s imula t ion  of two o r  more l i q u i d  e f f e c t s  are presented .  

The d i s t o r t e d  she l l  s imula t ion  methods developed during t h i s  
s tudy  ( t rus s - r ing  modeling, r e in fo rced  p l a s t i c  modeling) have had 
no previous  p r a c t i c a l  a p p l i c a t i o n .  
toward v e r i f i c a t i o n  of t h e s e  methods is be ing  performed. The 
r e s u l t s  of t h i s  s tudy  w i l l  g i v e  a reasonable  i n d i c a t i o n  of t h e  
a p p l i c a b i l i t y  of these d i s t o r t e d  s c a l i n g  techniques.  

An experimental  program o r i e n t e d  

Only a l i m i t e d  i n v e s t i g a t i o n  of modeling techniques app l i cab le  
t o  l a r g e  space  s t r u c t u r e s  has been conducted. A s e r i o u s  need e x i s t s  
f o r  a d e t a i l e d  t h e o r e t i c a l  and experimental  program t o  i n v e s t i g a t e  
t h e  modeling techniques r equ i r ed  f o r  t h e  s imula t ion  of such s t r u c t u r e s  
i n  the test l abora to ry .  Simulat ion of g r a v i t y  g r a d i e n t  e f f e c t s ,  
photon p res su re  e f f e c t s ,  c y c l i c  r a d i a t i v e  thermal e f f e c t s  and 
i n t e r a c t i o n  of induced c u r r e n t s  wi th  t h e  Ea r th ' s  magnetic f i e l d  are 
p o s s i b l e  areas of s tudy .  These e f f e c t s ,  wh i l e  i n s i g n i f i c a n t  t o  t h e  
"small" and r i g i d  s t r u c t u r e s  of t h e  usual Earth environment ( inc luding  
launch veh ic l e s ) , ,  w i l l  couple  wi th  t h e  s t r u c t u r a l  dynamic deformations 
of l a r g e ,  and r e l a t i v e l y  l i g h t ,  o r b i t a l  s t r u c t u r e s .  The modeling 
techniques necessary t o  s imula t e  t h e s e  s t r u c t u r e s  i n  a space  
environment w i l l  be  e s t a b l i s h e d  only through cont inued and i n t e n s e  
r e sea rch  s t u d i e s .  
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B.1 ORTHOTROPIC SHELL SIPIULATION U S I N G  TRUSS-RING MODULE 

B-1 

The s c a l i n g  parameters  f o r  s imula t ion  of o r t h o t r o p i c  c y l i n d r i c a l  
s h e l l s  are 

n7 = B xy/Kxx@ *8 Bxz/KxxB n9 - B y P x x  

and ?T = A/k 10 

where w = f requency,  1 / T  

2 3  ds = s u r f a c e  mass d e n s i t y ,  FT / L  

.L = ex tens iona l  r i g i d i t i e s ,  F/L 

= bending r i g i d i t i e s ,  FL 

= in-plane s h e a r  r i g i d i t y ,  F/L 

= t r a n s v e r s e  s h e a r  r i g i d i t i e s ,  F/L 

xxJxy yy 

DXX’Dxyruyy 

BxZ*Byz 

K 

B 
XY 

R = c h a r a c t e r i s t i c  l eng th ,  L 

X = any length.  

r i n g  
Tile r e l a t i o n s  between o r t h o t r o p i c  she l l  parameters  and t r u s s  
module parameters  (Sec t ion  7.1.6) are 

MARTIN MARIE’IIA CORP 
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where n = number of j o i n t s  on one s i d e  of r i n g ,  

R = r ad ius  of r i n g  c e n t e r l i n e ,  

d = l o n g i t u d i n a l  d i s t a n c e  between r i n g  c e n t e r l i n e s ,  

2 2 R = l ength  of truss b a r ,  R = a2 + d , 
a - rjn, 
a = 2R s i n ( a / 2 ) ,  

A = area of t r u s s  b a r ,  

E = modulus of e l a s t i c i t y  of t r u s s  b a r ,  

Ar = area of r i n g ,  

Er 
Ir = area moment of i n e r t i a  of r i ng ,  

= modulus of e l a s t i c i t y  of r i n g ,  

and 'v is t h e  equiva len t  Poisson ' s  r a t i o ,  e 

The computational procedure f o r  t russ - r ing  module des ign  is 
based upon knowledge of t h e  pro to type  r i g i d i t i e s ,  

Kxx I K 0 D and B 
P YY* YYp xyP 

and s p e c i f i e d  va lues  of t h e  model-to-prototype r a t i o s  

I f  va lues  f o r  n ,  R, E and E are s e l e c t e d ,  t h e  unknown model r parameters can be  e s t a b l i s h e d ,  The t r u s s  rod spac ing  is 

a = 2K s i n  ( 4 2 )  (B 1-1) 
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where 01 - n/nr 
t h e  s c a l i n g  r e l a t i o n  

The t r u s s  r i n g  spac ing  can b e  e s t a b l i s h e d  from 

= ( a /d I2  cos  (oJ2) lKxx 
"Ym m xyP P 

B /Kxx - 7r7 - B  

and is 

d = a[cos(or/2)Kxx /B Ill2. 
P xyP 

( B e  1-2) 

The t r u s s  rod l eng th  is then  

(B 1-3) R = [ a 2 + d ]  2 1 / 2  , 

The t r u s s  rod c ross -sec t iona l  area can be es t ab l i shed  from t h e  
s i m i l i t u d e  requirement 

2 2  = 7r1 = ds X w /K 
P 

2 2  
P P xxp ds  Am iKxx m m 

and t h e  s c a l i n g  r e l a t i o n  

The t r u s s  r i n g  c ross -sec t iona l  area, e s t ab l i shed  by t h e  s i m i l i t u d e  
requirement 

K /Kxx = 7r 
yyP P m 

and t h e  s c a l i n g  r e l a t i o n  

is 

Likewise, t h e  t r u s s  r i n g  c ross -sec t iona l  area, e s t ab l i shed  by t h e  
s i m i l i t u d e  requirement 

M A R ~ I ~  MARIE-A CORPORATION 
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and the  s c a l i n g  r e l a t i o n  

D 
'Ym 

is 
E 

Ir 

The equivalent  

v =  

may be w r i t t e n  

e 

v =  e 

v =  e 

v =  e 

(Bel-6) 

(B (I 1-7) 

This procedure gives  exact  representa t ion  of t h e  s imi l i t ud@ 
requirements d i c t a t ed  by IT IT  IT^ and IT Close simulat ion of 1' 7" IT w i l l  be  achieved f o r  r ea l i shc  s t r u c t u r e s  e 2 
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* I OCS 4 C AR 0 r TYPE YR I T  ER e K EY BO A RD 9 11 32  PRINT ER e D I S K  1 
C 
C SCALING PROGRAM FOR SHELL S IMULATION 
C INPUT PARAMETERS 
C 
C SL MODEL LENGTH / FULL-SCALE LENGTH 
C SF = MODEL FREQUENCY / FULL-SCALE FREQUENCY 
C SM = MODEL SURFACE MASS DENSITY 1 FULL-SCALIE SURFACE MASS DENSITY 
C SXX = K X X  FOR FULL-SCALE 4 T  THIS SECTION (SECTION 5-28  
C SYY = K Y Y  FOR FULL-SCALE A? T H I S  SECTION (SECTION 5 - 2 1  
C DYY = O Y Y  FOR FULL-SCALE A T  THIS SECTION (SECTION 5 - 2 8  
C BXY = BXY FOR FULL-SCALE A T  THIS  SECTION (SECTION 5 - 2 1  
C 
C REPEAT INPUT DATA FOR EACH CHANGE OF SECTION PROPERTIES 
C STOP U I T H  BLANK CARD 
C 

1 R E A O I 2 r 1 0 0 )  SLrSF,SMeSXXrZYY.DYYrBXY 
100 FORMAT(7F10,O) 

C 

C 

C 

C 

IFtSLI 500- S00r2 

2 C A L L  BASK (SLr SF e SHr SX XeSY Y e  DY Y w BXY 1 

G O  T O  1 

500 STOP 
END 

SUBROUTINE BASK ( S L r  S f  ~ S M ~ S X X T S Y  YrDYYsBXY 1 
C 
C INPUT PARAMETERS 
C N = NUMBER O F  J O I N T S  (NoGTeZ)  
C R = RADlUS OF SH€LL 
C E = TRUSS MODULUS OF E L A S T I C I T Y  
C ER = RING MODULUS O F  E L A S T l C l l Y  
C 

READ( 2 9 1 0 0 1 N r R 9 E r E R  
]LOO F O R M A T ( I X O * 3 F l O o D 1  

C 
IF4N-215r  1 0 s l O  

5 W R I T E { 3 r 2 O O t  
200 F O R M A T (  U O t l  NOT ENOUGH J O I N T S  5PECIFIED-ABORT CYCLE) 

G O  T O  so0 
C 

10 CNZN 
A L F A - 3 - 1 4  1 5 9 3 I C N  
A =2 r *  R * S I N t  ALFA /2 
D=A*SQRT( COS(  ALF A / 2  e 1 *SXX / B X Y  8 

1 

XL=SQRT(A**2+0*  * 2 )  
SXXM=SXX*Stl+SL* * 2 + S f * * 2  

ARING=D*SYY *SXXM/ (ER*SXX) 
X I R I N  = O *  SL ** 2* OY Y* S X X M / (  ER*SWX 1 
S Y Y M =  SX XM * S  Y Y /S X X  

AROD=(R+3-141 S 9 3 * X L * * 3 /  ( E * C N * D * * 3 ) 1  *SXXM 

P 0 I S = 0- 5* A *  *2 *S X X M/ ( S Y Y H* D* *2 1 
C 

W RI TE ( 3 9 2  10 1 
3 q n  c n D M a r i h 9 u  C U C I  t C T M I I I  A T T A N  I I C T M C  r ~ i i ~ c - a r r u c  ~ n n l i t  F I I I S  
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W R I T E  (312LIX ~SLISF r S H v S X X r  SY YIDY Y r B X Y  
27W ~ O ~ E L - T O - P R O T O T ~ P €  R A T 1 0 5 / 1 b H  SL  = r F 7 * 3 / 6 H  SF = , F 7 *  

OTYPE R I G I D Z T I E S / / 7 H  K X X  = * E I 4 o 6 /  
27H H Y Y  = r E 1 4 . 6 1  7H O Y Y  = * € 1 9 - 6 / ? H  8 X Y  = * € l U o 6 / / / )  

W R I T E  I 3  rZ02 1 M . R  r E  r E R  
202 F O R M A T 4  36H TRUSS-RING MOBULE INPUT PARAMETERS/ / T O H  NUMBER OF J O I  

I N T S  = , I4 /1OH RADIUS = ~ F 6 * 3 / 3 1 H  TRUSS MODULUS OF E L A S T I C I T Y  5 9  

2E14,6/3OH RING MODULUS O F  E L A S T l C I T Y  = * E 1 4 0 6 / / / )  
U RITE:(. 31203 ) A  r D  r X L e  AROD. ARING r X  I R I N  

203 F O R M A T (  37H TRUSS-RING MODULE OUTPUT PARAMETERS//SH A = * E 1 4 - 6 /  
I S H  D = r E 1 4 = 6 / 5 H  L = * E 1 4 * 6 / 1 8 H  TRUSS ROO AREA = * E l 4 0 6 / 1 9 H  TRUSS 
2 R ING AREA = ~ E 1 4 * 6 / 3 7 H  TRUSS R I N G  AREA MOMENT OF I N E R T I A  = r E i 4 o 6 /  
3/  / I  

U R I T E 4 3 r Z 0 4  i P O I S  

W R I T E  t 3 9205 1 
204 FORtf11T428H EQUIVALENT POISSON R A T I O  = r E l 4 0 6 I / /  1 

205 FORWAT(5 lH  SCALING TERMS S A T I S F I E D  = P I 4 1 1  r P I 1 3 B r P I t 6 ) e P I f ? ) / /  
162W SCALING TERHS NOT S A T I S F I E D  = P I ~ ~ ~ ~ P I ~ ~ ~ I P I ~ G ~ ~ P I ~ ~ ~ ~ P I ~ ~ O I /  
2 /39H SCALING TERM APPROX S A T I S F I E D  = P I ( 2 1 1  

C 
5 0 0  CONTINUE 

RETURN 
E ND 
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B.2 ORTHOTROPIC SHELL SIMULATION USING REINFORCED PLASTIC MODEL 

The computational procedure t o  determine t h e  reinforced s h e l l  
model p rope r t i e s  is based upon t h e  physical model shown i n  Figure 7.7 
and described i n  d e t a i l  i n  Section 7.2, The no ta t ion  is t h a t  of 
Section 7.2, 

Tne approximate w a l l  thickness,  f i b e r  area and f i b e r  spacing 
are determined i n  t h e  long i tud ina l  d i r e c t i o n  (perpendicular t o  
the  r idges)  from t h e  s impl i f i ed  r i g i d i t y  expressions 

KR = 

and 
12DR 

For assumed square f i b e r s ,  t h e  f i b e r  width is d = A f L f L  and, i f  
t he  f i b e r  spacing is spec i f i ed  as S 
B , 2-2 become 

= nd, Equations Be211 and R 

3 and 
12DR = Emh3 + d (Ef - Em)/n, (B 2-41 

Simi lar ly ,  t h e  matrix thickness may be  expressed as h=kd and i t  
is seen t h a t  t h e  constants n and IC are r e s t r i c t e d  t o  N >, 1 and 
k >/ 1; t h e  minimum values (n=l, k-1) spec i fy  a s o l i d  shee t  of t h e  
f i b e r  macerial. 

Rewriting Equations B.2-3 and B.2-4 i n  terms of d ,  lc and n 
y i e l d s  

K d(kEm + (Ef - E,)/n) (B a 2-5) 

3 3  and 
12DR = d (k Em + (Ef - Em)/n) , 

Figure B-1 shows t h e  physical l i m i t a t i o n s  on d as a function 
h,  
K and DR are indicated.  R 

If k is set a t  a constant va lue  and d is eliminated from 
Equations B.2-5 and B.2-6, a cubic equation i n n  can b e  obtained, 
This equation i s  

Parametric l i n e s  of kmconst and N=const f o r  given values of 

MARIIN MARIE-A CORPORATION 
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h, Matrix Thickness 

Figure B - 1 .  Fiber Width versus Matrix Thickness 
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3 2 A n + A2n + Aln + A. - 0 3 

B-9 

3 2 3 
A3 = k E (12DREm 

A2 = (Ef - Em) (36Dak Em 

where - Ka ) m 
2 2  3 

= K a  ) 

c) 
(B 2-8) 

A1 36D,kEm(Ef - Em) L 

Phys ica l ly  real is t ic  s o l u t i o m a r e  l i m i t e d  t o  k Z 1, I f  t h e  
va lue  of n obtained f o r  k = l  is less than  un i ty ,  t h e r e  e x i s t s  no 
phys ica l  s o l u t i o n  f o r  t h e  given va lues  of Em and E 
s p e c i f i e d  va lues  of Kg and D Real is t ic  va lues  of n and k may 
be  obtained by inc reas ing  E !* A va lue  of n >/ 1 obta ined  f o r  
k >/ 1 represen t s  a phys ica l fy  p o s s i b l e  r e in fo rced  s h e l l  model. 
Fur ther  i nc reas ing  t h e  va lue  of k w i l l  r e s u l t  i n  a decrease  i n  
t h e  va lue  of n ,  The algori thm f o r  t h e  opt imiza t ion  of n and k i n  
t h e  i n i t i a l  pa rane te r  s e l e c t i o n  maximizes t h e  product (n- l ) (k- l ) ,  

and t h e  

When n and k have been e s t ab l i shed ,  Equation B.2-5 can  be  
used t o  compute t h e  f i b e r  width,  This  parameter is 

d = nKR/[ (nk=l)Em + E f ]  (B 2-91 

and i t  fol lows t h a t  t h e  mat r ix  th ickness  and long i tud ina l  f i b e r  
spac ing  are h = kd and S R  Note t h a t  Equation B.2-9 w i l l  
y i e l d  only an  approximate va lue  f o r  d as Equations B.2-1 and 
B e  2-2 are themselves only approximations . After  t h e  approximate 
parameters are determined f o r  t h e  t r a n s v e r s e  d i r e c t i o n ,  t h e s e  
l o n g i t u d i n a l  parameters can be modified by a n  i t e r a t i o n  process ,  

= nd, 

The approximate ma t r ix  parameters i n  t h e  t r a n s v e r s e  d i r e c t i o n  
( d i r e c t i o n  of t h e  r idges )  from t h e  s i m p l i f i e d  r i g i d i t y  expressions 

Kt = Emh + 2EmQt + Af(Ef  - Em)/St (B.2-10) 

3 3 2 and 
12Dt s (1 - Q)Emh + Q(h + 2 t )  Em + Af (Ef - Em)/St (B.2-11) 

where 
S t  = width of "ridges" used f o r  bending reinforcement  

(Fig. 7.71, 
T = width of "val leys"  and 0 = S/(S+T). 

MARTIN MARIEITA CORPORATION 
D E N V E R  D l Y l S l O N  
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The r i d g e  h e i g h t  is t. I f  i t  is assumed t h a  A is t h e  same i n  
both t h e  l o n g i t u d i n a l  and t h e  transverse d i r e c t f o n s  and i f  t h e  
t r ansve r se  f i b e r  sapc ing  is w r i t t e n  as a m u l t i p l e  of t h e  l o n g i t u d i n a l  
f i b e r  spac ing ,  Equations B,2-10 and B.2-11 can b e  r e w r i t t e n  as 

Kt = Emh + 2EmQt + d(Ef - Em)/(nj)  

3 3 12Dt - (l-Q)Emh + Q(h+2t)3Em f d (Ef-Em)/(nj)  

(Be 2-12) 

(B a 2-13) 
and 

wi th  t h e  r e s t r i c t i o n s  t h a t  

n j  3 1, O - S Q S l  and t 0,  (B e 2-14) 

The i n i t i a l  d a t a  computation a lgor i thm proceeds by a r b i t r a r i l y  
s e t t i n g  Q = 0.4. El imina t ion  of t h e  product n j  from Equations 
B.2-12 and B.2-13 y i e l d s  a cubic  equat ion  f o r  t 

3 2 B t + B , t  + B l t  + Bo = 0 

B3 = 8QEm 

B2  = 12QEmh 

B1 = 2QEm(3h2 - d2) 

Bo = d2(Kt - Emh) -12Dt + Emh e 

3 L 

where 

3 

I f  no p o s i t i v e  real r o o t  e x i s t s ,  t h e  l o n g i t u d i n a l  and t r a n s v e r s e  
d i r e c t i o n s  should b e  interchanged,  I f  one p o s i t i v e  real r o o t  
e x i s t s  , 

j d(Ef - Em)/(nKt nEmh - 2nEmQt) ( B e  2-37) 

I f  more than  one p o s i t i v e  real roo t  e x i s t s ,  t h e  r e s u l t i n g  va lues  
of j can  be  computed from Equation B.2-17, No phys ica l  s o l u t i o n  
e x i s t s  f o r  j n  4 1. 

A t  t h i s  po in t  t h e  computer program p resen t s  a choice  t o  t h e  
opera tor .  The cu r ren t  va lues  of j ,  j n ,  t ,  t / h  and Q are p r i n t e d ,  
I f  more than one set of t h e s e  v a r i a b l e s  is a v a i l a b l e  t h e  ope ra to r  
may select t h e  most d e s i r a b l e  s o l u t i o n  o r  h e  may elect t o  change 
t h e  va lue  of Q. I f  t h i s  is done, Equation Be2-15 is recyc led  and 
new s o l u t i o n s  are formulated.  
a t t a i n e d ,  t h e  transverse f i b e r  spacing (S 5 jSR)  is  computed and 
t h e  prel iminary computation of the  s h e l l  model parameters  is complete, 

Once a "desirable"  va lue  of j is 
t 

IE 
D E N V E R  D I V I S I O N  
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The equations of Section 7.2 are then used t o  compute t h e  
a c t u a l  values of D , E; , D and K and t h e  equivalent shear  
modulus, G. 
determined f o r  t h e  four cont ro l l ing  r i g i d i t i e s  and i f  t hese  r a t i o s  
are sarig,factory, t he  program is terminated. 
not s a t i s f a c t o r y ,  a operator-controlled i t e r a t i o n  process is  
i n i t i a t e d  and used u n t i l  t h e  r a t i o s  of des i red  r i g i d i t i e s  t o  
a c t u a l  r i g i d i t i e s  are computed t o  wi th in  an allowable uni t .  

t The r a t i o s  of des i re8  t o  a c t u a l  s h e l l  r i g i d i t i e s  are 

I f  t h e  r a t i o s  are 

MART'8N MARIE-A CORPORATIOAJ 
D E N V E R  D I V I S I O N  
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+ X O C S 1 C A R D t T V P E W R I T E R I K E Y B O A R D r  11 32 P R I N T E R r D I S K )  
C 1 1 3 0  PROGRAM T O  COMPUTE REINFORC€Q SHELL PROPERTIES 

Q x COF (4 8 r R o o m (  3) r~~~~~ ( 3 )  
1 C O N T X N ~ E  

C READ DATA 
R E A D ( 2 r 9 9 9 )  EHr EFw XMUr G f l r  GF 
R E A D ( 2 r 9 9 9 )  S X X q  S Y Y i  DXXI DYY 

Y R X T E ( l r 9 9 8 I  EMr EFe XMUr GHw 6 F  
Y R I T E ( l r 9 9 8 )  S X X r  S Y Y t  D X X I  DYY 

999 FORMAT(BF10-0) 

998 F O R M A l ( / *  l O X t  5 E I S - 3 )  
8 WRITE ( l e 9 9 )  

99 F O R M & T ( *  DETERMINE HmDr AND 5L. I  
C A S S I 6 N  SUBSCRIPT T TO LARGER ONE OF BENDING R I G I O I T I E 5  AN0 THE 
C EXTENSIONAL R I G I D I T Y  ASSOCIATED WITH I T  

IF(DXX--DYY) 1 0 ~ 1 O e 1 2  
10 DL=DXX 

SLrSXX 
Q T=DY Y 
5 T=SY Y 

12 DFZDYY 
Q T=DX X 
SL=SY Y 
S T=SX X 

GO T O  14 

C START COMPUTATION LOOP ON INDEX L 
C F I R S T  M f l ~ ( = M A ~ - M A C H X N €  COMMUNICATION EXCHANGE 1 
C MMC = WHAT K OESIRED 

14 WRITE (1 9100 8 
100  ORM MAT(' TYPE VALUE OF K DESIRED I N  FORMAT F 1 0 . 0 ' )  

R E A D t 6 r  10 1) XK 

C C O M P ~ T ~  POLYNOMIAL COEFFICIENTS T O  GET N 
X COF148=X K +  +3 *EM+ (1 2.+DL*€M**Z-SL*+ 3)  

X C O F t  2B=4EF-EH) **2*36.*DL*XK+EM 
XCOFt3B=tEF-EM) *(  3 6 a + D L * X K * * Z + E M * * 2 - S L * * 3 )  

XCOFt l B = f 2 0 * D L *  (EF-EM)**3 
XCOFt 38zXCOFt 3)  / X C O F l 4 )  
X C O F 4  2 l = X C O F t  2)  / X C O F (  4) 
XCOFf I I = X C O F f  1) /XCOF(4)  
X C O F 4  U B = l  .I 

CALL 
I F (  I E R  B 16 r l 8 r  16 

16  WRITE ( 1 e l  02 I I E R  

READ4 6 r  10 1) CHECK 

C POLYNOMIAL R O O T S  
POLR T4 XCOF r C O F  r 3  r R O O T R  * R O O  TI r IER J 

C MMC = ERROR PROCfOURE (IF ANY* M A Y  Q U I T *  OR START WITH NEW IO 

102 F O R H A l f '  I E R = ' r I 3 r *  TYPE: 1.0 f O R  NEW K r 2 o O  FOR STOP. )  

I F ~ C H E C K - ~ ~ O ) ~ ~ P F ~ ~  17  
17 STOP 

C ROOTS OF THE POLYNOHfdt  
RE POSSIBLE VALUES OF N 

18  WRITE I 1  v103 1 
103 F O R M A T ( *  R O O T 5  OF THE POLYNOMIAL( N 1 A R E * )  

D O  20 I Z f e 3  
20 U R I T E ~ ~ r l D 4 ~ R O O T R ~ I ~ r R O O l I ~  I1 

1 0 4 '  F O R M A T ( / 2 X w E 1 S S 7 r *  + ' i E I S o  7 9 '  1 ' )  
C O P T I O N  T O  TRY NEW K t  OR PROCEED 

T H X S  IS N O T  5 ISFACTORY TYPE 2 - 1  IF YESt I-') 



S l = X N + D  
Y R I T E  4 1 e l  10 3OeHeS1 

Y R I T E ( . I e 1 1 1 1  
110 F O R M A T @ '  0 f ' T f 1 5 0 7 7 t *  H 

111 F O R M A T ( *  THESE A R E  T H E  I N I T I A L  V A L U E S  * )  
C END LOOP O N  INDEX L 
C S T A R 7  INDEX T C O M P U T A T I O N  L O O P  

25 w R f T E ( 1 ~ 1 1 2 )  
112 F O R M A T ( *  COMPUTE T v  529 AND 0.1 

C MMC = UHAT IS D E S I R E 0  Q 
Y R I T E C l e  11 3) 

113 F O R M A T ( *  S P E C I F Y  I N I T I A L  V A L U E  O F  Q B E T Y E € N  0 AND 1 o *  1 
R E A D (  69 10 1) 0 

C COMPUTE P O L Y N O M I A L  C O E F F I C I E N T S  
X C O F l 4  )=8  o*Q*EM 
X C O F 4  3 8  = 1 2 * * Q + E H * H  
X C O F (  2 ) = 6  +Q *EM* H* *2 -2* *0*  *2 +Q *E M 
X C O F (  11 =O ** 2* (ST-EM+H3-12o.*DT+ EM*H* *3 
X C O f t  l ) = X C O F t l ) / X C O F t 4 1  - 
X C O F (  2 b = X C O F t  2 )  / X C O F I  4 )  
X C O F ( 3 B = X C O F t 3 € / X C O F 1 4 )  
X C O F ( 4 P = 1 o  

C A L L  P O L R T l  X C O F o C O F e 3 ~ R O O T R o R O O T X ~ I E R ~  
C ERROR PROCEDURE 

C IF I E R  NoEo 0 .  T R Y  NEW Q 
C MMC= MAY Q U I T  ON E R R O R 9  OR TRY NEW Q 

IF( I E R  828 r 3 0 r 2 8  
28 Y R I T E ( ~ , T ~ ~ S ) I E R  

W R I T E  1 r l 1 8  8 
I f 8  F O R M A T ( *  TYPE I N  V A L U E  OF 7 . 1  
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N* ST-X N *EM *H-2 m * XN +Q *EM* T 1 
U E  OF J AND N J  

LUE OF J IS.' 

W R I T E  ( 1 t 1 20 15 AM 

s2=51 * X J  

W R I T E  ( I t  e l  21 8 

READ(6r  10 1)CWECK 

1 2 0  F O R M A T ( '  THE PRODUCT J*N 15 '*F10*4) 

C MC CHOICE T O  START ? LOOP A 6  INw OR PROCEED 

1 2 1  F O R M A T ( ' "  I F  ?HIS IS O K "  TYPE I r e  I F  NO? Z o o )  

IF tCHECK-1 -  B25~35.25 
C DISPLAY SUMMARY OF O R T A   OBTAIN^^ THUS F A R  

7 00 W R I TE f It t f SO 1 
150 FORMAT(' FOR RERUN SPECIFY DESIRED H v D I S ~ ~ S Z I Q * T  I N  F l ~ * n * ~  

R E A D ( 6 t  10 1)H 
R E A D (  S r  10 1) 0 
READ# 6 s  10 11 S1 
R E A D t 6 t  10 1 )SZ  
R EAQt  6r 10 I )  Q 
READ( 69 10 1)  T 

35 U R I T E I l r 1 2 4 ) H r O r S 1 ~ 5 2 ~ Q r l  
1 2 4  FORMAT(' SUMMARY OF M A T R I X  O A T A @ / '  H = ' * E 1 4 e ? J e  0 = *  9 E 1 4 * 7 / '  Si='@€ 

1 1 4 - 7 9 '  5 2 = * * E 1 4 . 7 / '  Q = ' r E l 4 r 7 1 ' "  T = * r E 1 4 * . 7 8  
C SHOW RATIOS OF DESIRED AND ACTUAL R I G I D I T I E S  

W R I T E  4 1 s 1 25 3 
125  F O R M A T #  SUMMARY OF B A S I C  R I G I D I T Y  PARAMETERS E 

1D VALUES" / I  
+ Z . * T * ( r e - Q I I ( H * l H + 2 o * T ) )  

E L B = ( S 2 * E M *  ~ X L A M * E ~ + ~  1 e - X L  ?I) +EM) 1.4 (D+EM+ ( S Z - 0 )  * 
l * E M ) )  

ALF =D * *  28 HB 
E L = E F * A L F + E L B * (  1o-ALFl 
H P R = l * /  CH +2 -1 ?* Q) 
XLP=D+WPR 

BET=D*+2*HPR/SZ 
€?$=SI  * E M *  ( X L P + E F + # l  e-XLP D*EM* 4 51 -0 B * C XLP* 

? B * (  I e - B € T j  
51 I* I S 1 - 0 )  +D*  EM^^ 'ZZ / H P R - D * * ~ ~  +EF*O*  *2 )I 4 

/ (  EL-ET+ X M U L T *  +2 i 
C SC=CSL/ t H+ HBAR 1 
CZT =EL*ET *HI( EL -ET* XMULT* *2  1 
CST XCST/(H*HPR) 

F * t D * ( S Z + D ) ) )  

G A M L = 3 e * O * + 4 * H B A R * * 3 / ( 5 1 * 3 e  1 4 1 6  1 
GAMT=3**0 ** 4+HPR* *3 / ( S 2 * 3  -1 41 6 )  
E5L=EF+GAHL*EH* ( 1 e - G A M L 1  
EBT = E F * G A M T  +EM* 1 1 ,-CRMT 1 
C O t  = E B L * *  2 * H *  +3 1 4  12 e* (EBL-E ET * X  HULT **2) 8 
COL=CDL/ (H* *3+HBAR**3 )  
C O T  = E B L * E B T  *H+* 31  f 1 2 -  * (EBL-ERT* XPULT* *2 1 ) 
C D 7  r C D T  / (  H* + 3  *WPR**  3 )  
AF:D* * 2  

CALL DATSWt 3 r J J I  
C TEHPORARY CHECK S E C T I O N  
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CSL=AF* (EF-.EM)/SI + H * I H + 2 m  *T b * E H / (  ( H + Z e * T )  *( 1,-Q )+H*Q)  
CST =AF* (EF-EH t I S 2  + (  H+ 2*Q*  T 1 +EM 
C 

1DL=O* *4 * (  EF-EM) f 4 12 o*S1)  +H* *3 * I  H+2a * f  3 * *3*EM/ # 12, *Q *H** 3+ 12 e* 4 1 e - Q  
1) * ( H * 2 i * T  1**3 1 

C O T  =D**I(+ (EF-EM I /  4 12*S2 )+Q*EM*t  H+2*T 1 ** 31 12 + #  1-Q1 + H * * 3 + E M / l 2  
670  CONTINUE 

C TEMPORARY CHECK SECTION ENDS HERE 
x sL=csL/sL 
XST=CST/ST 
XOL=COL/DL 
XDTzCDT/DT 
WRITE 4 1.1 26 ~ C S L I S L T  XSL 
V R I T E ( ~ ~ ~ ~ ~ ) C S T I S T V X S T  
W R I T E t l 9 1 2 8 ~ C D L r D L e X D L  
W R I  TE 4 1 1 29 )[: GT ~ D T I  XD T 

1 2 6  FORMAT(' CSL = ' . E l 4 * 7 * '  SL =*rE14.71*  R A T I O  = ' * F l O o Q )  
1 2 7  FORMAT(' CST =' .El4-71'  ST = ' * E 1 4 . 7 r *  RATIO = ' t t F I O e 4 B  
128 FORMAT(' C D L  - " .E14.7~* D L  = ' r E 1 4 - 7 * '  R A T I O  = ' * F I O . 4 )  
1 2 9  FORMAT(* C D l  = ' . E 1 4 - 7 1 *  D T  = ' * E 1 4 r 7 r e  RATIO = ' * F l O o 4 )  

C MHC = M A Y  PROCEEDI OR RETURN TO I LOOPI OR RETURN T O  START 
IIRXTE ( 1  r 1  30) 

READ( 6 9  10 1) CH€CK 
1 3 0  FORMATt' I F  O K *  TYPE 0 e 0  I F  RESTART. TYPE l e *  I F  RESTART Q V  2s') 

IF(CHECK-1-  1 5 0 ~ 8 . 2 5  
C COMPUTE SHEAR R I G I D I T Y  

SO G = Z  a * (GF* D* * 2  +GM* 4 5 l /HPR-D* *2 8 1 
6=6*  ( GF *O ** 2+fM+ ( 52 /HPR-D ** 2 )  8 
G = G /  ( 51 /HPR *( GF *D**  2*6M* CS2 /HPR-O** 2) j + Z Z / H P R + {  G F * D * * Z + G M * #  51 /HPR- 

CSS=G/HPR 
CSLT=CST* XMUL T 
CSTLrCSLT *HPR/HBAR 
CDTL=CDT* XHULT 
CDLT-CDTL *( HPR/HBAR ) *  * 3  

l o * *  2 )  8 1 

WRITE 41 r l  31 ) 
W R I T E ( l r 1 3 2 )  
W R I ~ E ~ ~ * ~ ~ ~ ) C S S ~ C S L T T C S T L ~ C D T L ~ C D L T  

I31 FORMAT# * SUMMARY OF THE OTHER R I G I D I T I E S *  ) 
132 FORMAT(' cs s CSLT CSTL 

1 3 3  FORMAT4 SE 1 7 - 8  1 
1 C O L T ' / / )  

W R I T E ( l r 1  308 
REAOt 6 r  10 11 CHECK 
I F  ( CHECK-1- 15 OU I 8 ~2 S 

500 CONTINUE 
W R I T E l l r 3 0 1  3 

READ( 69 10 1) CHECK 
3 0 1  FORMAT(' TYPE 0 FOR ARBITRARY I N P U T * l e  FOR RESTART.2 T O  STOP') 

IFf CHECK-1. ) ? O ~ ~ J r 5 0 1  
5 0 1  STOP 

SUBROUTINE POLRTt XCOF ~ C O F I M  r R O O T R * R O O T I  r I E R  1 
DIMENZION XCOFt ~ ~ T C O F ( ~ ~ * R O O T R (  1) r R O O T 1 4 1  1 

N = M  

I F (  X C O F  [ N + l  1 )  

I F I T r O  

I ER =O 
30125 r 1 0  

10 I F t N )  1 5 ~ 1 5 . 3 2  
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C SET ERROR CODE T O  1 
15 I E R = l  
2 0  RETURN 

C SET ERROR CODE T O  4 
25 I E R = 4  

30 I E R = 2  

GO TO 20 
C SET ERROR CODE T O  2 

6 0  10 20 
32 XF(N-36 35 t35s 30 
35 NX=N 

NXX=N+l  
N 2 = 1  
K J 1  N + l  
D O  4 0  L = I r K d l  
H T = K J l - C +  1 

4 0  COF(HTI=XCOF(L)  

45 x0=*00500 10 1 
C SET I N I T I A L  VALUES 

Y o= 000100 08 01 

I N = O  
50 x=xo  

C ZERO I N I T I A L  VALUE: COUNTER 

C INCREMENT I N I T I A L  VALUES AND COUNTER 
x 0=-10- o* Y 0 
YO=-10*0*X  

x =xo 
Y = Y O  
X N = I N + l  
G O  T O  5 9  

x PR =x 
YPR=Y 

59 IcT=o 
60 UX=O-O 

u y = o . o  
v = a - 0  
Y l = O * O  
X T = l * O  
U=CQF C N + 1  1 
XFCUB 65 .  1 3 0 ~ 6 5  

65 D O  70 I = l r N  
L = N - I + l  
x T Z = X  * x i - y +  r i  
Y T2=X+Y T+ r+ X T  
U=U*COF (L 1 +XT2 
U = V  +COF (L ) * Y  12 
F I = F  
UXzUX +F I* X T  *COF (L I 

XT=XT2 
70 Y l = Y T 2  

C SET X AND Y T O  CURRENT VALUE 

55  I F I T = 1  

C EVALUATE POLTNOHIAL AND DERIVATIVES 

UY=UY- f I *VT*COf  ( L  I 

5UHSQ =UX* UX +UT* UY 
IF t SUMS01 

75 O X =  (V*UY-U*UX I i S U M S Q  
XzX+DX 
DY=-(U+UY + V * U X 1  /SUHSQ 
Y = Y  +DY 

7 5 .  I 1  Or  75 

7 8  IFL A B S ( D Y ) +  ABZ6OX B-1.OE-35)  100*80*80 
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C STEP I T E R A T I O N  COUNTER 

90 IFt IN-53 5 0 e 9 S t 9 S  
C SET ERROR CODE T O  3 

95 I E R = 3  
G O  10 20 

100 0 0  1 0 5  t = l * N X X  
M T = K J I - L * l  
TEMP=XCOF ( M T )  
X C O F C M T  )=COFtl.) 

1 0 5  COFCL)=TEMP 
ITEMP=N 
N=NX 
NXzITEMP 
I F 4  I F I T )  1 2 0 r 5 5 v S 2 0  

110 IFCIFIT)  115~50*E15 
115 X=XPR 

Y =YPR 
120 I F I T - 0  

1 2 5  ALPHA=X+X 
122 IF( ABS(Y / X  )--1-0€-04) 235.1 2Slf 25 

SUflSQ=X * X  + Y  *Y 
N XN-2 
G O  10 I40 

NXZNX-1 
NXXZNXX-I 

1 3 0  X = O m O  

1 3 5  y=o.o 
S U M S Q = O . O  
ALPHA=X 
N = N - I  

B-17 

140 C OF 12 t ZCOFE 2 )  *ALP..A *COF i 1 
1 4 5  D O  150 L = 2 r N  

I 

1 SO C OF ( L * 1 )  

ROOTR(N2)=X 
N 2=N2 + f 
I F  l SUMSQ 1 

C O F  4 L+ 1 1  +ALPHA*COF (L  )-SUMSQ*COF 4 L- 11 
1 5 5  ROOTX(N2)=Y 

160 e 165  9 160 
160 Y = - Y  

SUMSQ=O m 0  
G O  T O  155 

E NO 
165 I F I N )  20r20.45 
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MCR-68-87 

WELDABILITY 

1100, 3003, 5456, 6061 Good 

2014 F a i r  

2024 Poor 

7075, 7178 No 

Table  C-2 P rope r t i e s  o f  Aluminum 

HEAT TREATABILITY 

1100, 3003, 5456 Not Hardenable 

2014, 2024, 6061 

7075, 7178 
Hardenable 

c-2 

FORM 

FORGINGS 

ALLOY 

1100, 3003 t- 2014, 2024 

SIZE, INCHES UNLESS SPECIFIED 

MINIMUM MAXIMUM 
THICKNESS 0 .lo0 1 2  .o 
WIDTH 12 .O ffl.063, -0,125 
LENGTH A s  s p e c i f i e d  k0.125 50.0 t l . O  

5456 

6061 

7075. 7178 

~~ 

MN MAX 
THICKNESS 0.010 k 0.0005 0.375 t 0.0015 
LENGTH A s  Spec i f ied  f 0.125 5000 f t  t 1 .0  

gIJ MAX 
THICKNESS 0,050 f 0.006 7.0 t 0.081 
R A D I I  0.125 
AREA 0.250 60 .O 

, WIDTH 30.0 f 0.081 
1 LENGTH 500 f t  f 100 f t  

~i 
45 

75 

ROLLED, DRAWN 
BAR 

SHEET, PLATE 

WIRE 

EXTRUSIONS(’) 

BAR ROD - 
M I N  MAX M I N  MAX 

THICKNESS 0 . 3 7 5 T O  .0015 8.0 t 0.031 0 . 3 7 5 7 0 . 0 0 2  4.0 z . 0 2 0  
WIDTH 0.375 f 0.002 10.0 f 0.062 
LENGTH 12 .O f 0.125 50.0 t 1.0 12.0 k 0.125 50.0 t 1 .0  

SHEET PLATE 
MN MAX gIJ MAX 

THICKNESS 0.006 f. 0.0015 0 . 2 4 9 7 0 . 0 1 1  0.250 t 0.0025 6.0 z . 1 8 0  
WIDTH 12.0 t 0.062 168.0 k 0.25  12.0 f 0.375 168.0 k 0.75 
LENGTH 600.0 f 1.0  600 f 1.0  

TUBING,  PIPE r- M I N  
THICKNESS (WALL) 0 . 0 1 0 T O  .002 
DIAMETER (0 .D .) 0.125 f 0.003 
LENGTH 

MAX 
0 . 5 0 0 T O  .020 
12.0 k 0.025 
500.0 f 100.0 

(l)Must be g r a i n  s i z e  con t ro l l ed  f o r  b e t t e r  w e l d a b i l i t y .  

MARlVN MARlErrLl UORPORATVON 
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MCR-68-87 

c-3 

T a b l e  C-3  P r o p e r t i e s  of  T i t a n i u m  

FORM 

FORGINGS 

7OLLED OR 
IRAWN BAR 

SHEET 

PLATE 

GJIRE 

EXTRUSIONS 

TUBING, PIPE 

ALLOY s 

COMM. PURE 
T i  -6A.l -4V 
Ti-5A.l-2.5Sn 
OTHERS 

ALL ') 

 ALL(^) 

 ALL(^) 

 ALL(^) 

COMM. PURE 
Ti-6A.l-4V 
Ti-6A.l-6V-2Sn 
Ti-5A.l-2.5Sn 
T i  - 8A.l - 1Mo - 1 V  
Ti-13V- l l C r  -3A.l 

COMM. PURE 
T i  -6A.l-4V 
Ti-5A.l-2.5Sn 
T i  - 1 3 V -  1 1 C r  -3A.l 
T i  - 8A.l- 1Mo - 1 V  
Ti-5A.l-5Sn-5Zr 

~~ 

SIZES, INCHES UNLESS SPECIFIED 

CONVENTIONAL FORGING 
SMALL - LARGE - 

THICKNESS TOL. W.25 -0.03 W.09 -0.03 
LENGTH TOL. -to .03 +O .03 
M I N .  FILLET 

RADIUS 1 .o 0 . 7 5  
M I N .  WEB THICK 0.62 0 2 5  

MIN MAX 
THICKNESS (ROUNDS) 0.3125 ? 0.005 
THICKNESS (SQUARE, 0.3125 4.50 

THICKNESS (RECT) 0 .zoo 10  .o 
HEX) 

LENGTH 50 f t  

MIN MAX 
THICKNESS 0 . 0 0 8 0 . 0 0 2  0 . 1 8 7 5 f b . 0 1 4  
WIDTH 24.0 It: 0.062 100 .O f 0 .125  
LENGTH 600.0 t 0.50 

M I N  MAX 
THICKNESS 0 . 1 8 7 5 0 . 0 4 6  3 . O O  .10 
WIDTH 10 .0  ? 0 .125  150.0 ? 0 .25  

600.0 f 0 . 2 5  

THICKNESS 0.009 (MIN. DIAMETER) 
LENGTH 500 f t  

MAX 
1 . 2 5  

M I N  
0 .125  
- 

THICKNESS 
FINISH MACHINED 0.060 f 0 .005  
LENGTH 40 f t  
FILLET RADII 0.062 
LENGTH/THI CKNESS 14 

MIN MAX 
WALL THICKNESS 0 .004  ? 0.004 

DIAMETER(0 .D .) 0.250 -o .030 

0 .250 t 'O  .0.?5( 
+O .015 W ,090 

12*o -0.030 

FABRICABILITY 

MACHINABLE(') 

REQUIRES SCALE REMOVAL 
iJELDABLE 
FORMABLE 
CHEM. MILLABLE 
HEAT TREATABLE 

MA CHIN ABLE(^) 
WELDABLE 
FORMABLE 

HEAT TREATABLE 
CHEM. MILLABLE 

SAME AS ROLLED OR 
DRAWN BAR 

SAME AS ROLLED OR 
DRAWN BAR 

SAME AS ROLLED OR 
DRAWN BAR 

SAME AS ROLLED OR 
DRAWN BAR, BUT MUST 
BE DESCALED 

SAME AS ROLLED OR 
DRAWN BAR 

( l )Unal loyed (Comm. Pure) : 

(2)Approximately 20 (AIS1 B1112 S t e e l  = 100). 

Ti-O.2Pd, Ti-5A.l-2.5Sn, Ti-7AR-ZCb-lTa, Ti-ENR-lMo-lV, Ti-6A.l-4V, and 
Ti-GA.l-6V-2Sn. 

MARIJN M A R J ~ ~ A  OORPORA~JON 
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c-4 

MCR-68-87 

T a b l e  C - 4  P r o p e r t i e s  of N i c k e l  

FORM 

FORGINGS 

ROLLED, OR 
DRAWN BAR 

SHEET 

PLATE 

WIRE 

EXTRUSIONS 

TUBING, P I P E  

ALLOYS 

INCONEL 600, 700, 
718 x 750, 901; 
UDIMET 500, 700; 
OTHERS 

INCONEL 600-702, 
718 x 750, 901; 
HASTELLOY C ,  R-235; 
OTHERS 

ALL ABOVE PLUS 
WASPALLOY, RENE 41 
NEMONIC 8 0 A ,  90; 
OTHERS 

ALL ABOVE PLUS 
WASPALLOY, RENE 41 
NEMONIC 8 0 A ,  90; 
OTHERS 

ALL ABOVE 

ALL ABOVE 

ALL ABOVE 

SIZES, INCHES UNLESS SPECIFIED 

MIN 
THICKNESS 0.125TO .005 
DRAFT ANGLE 2.0 deg 

MIN 
THICKNESS (ROUNDS) 0.3120.002 
THICKNESS (HEX, 

SQUARE, OCT .) 0.312 - 0.002 
LENGTH A s  S p e c i f i e d  

50 .125 

MIN 
THICKNESS D . 0 0 8 b  .002 
WIDTH 24.0 ? 0.062 
LENGTH 

MIN 
THICKNESS 0.18750.046 
WIDTH 10.0 ? 0.25 
LENGTH 

MIN 
DIAMETER 0.062TO .0007 
LENGTH A s  S p e c i f i e d  

g 
CIRCLWSCRIBED 

CIRCLE 
LENGTH 
CROSS SECTION 0.50 in.2 
THICKNESS 0.156 
R A D I I ,  CORNER 0.062 
R A D I I ,  F ILLET 0.250 ? 0.062 

MAX 
4 .oo 
3.0 deg 

- 

MAX 
3 .0070 .005 

3.00 - 0.007 
S p e c .  50.025 

MAX 
0.1875 + 0.014 
100.0 f. 0.25 
600.0 5 0.50 

MAX 

150.0 ?r 0.25 
600 .O f. 0 .25 

- 
3.0 ? 0.1 

MAX 
0.500 5 0.0015 
As S p e c i f i e d  

MAX 

4.50 
60 f t  

MIN MAX 
WALL THICKNESS 0.0015TO .00015 0.625-10.0625 
D I M T E R  (O.D.) 0.012 5 0.002 6.00 ? 0.005 
LENGTH A s  S p e c i f i e d  100 f t  5 0.25 

M A R T B U  M A R B E - A  CORPORATBON 
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